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Introduction 

In the development of the theory of algebraic functions of one variable the 
introduction by Riemann of the surfaces that bear his name has played a 
well-known part. Owing to the partial failure of space intuition with the 
increase in dimensionality, the introduction of similar ideas into the field of 
algebraic functions of several variables has been of necessity slow. It was 
first done by Emile Picard, whose work along this line will remain a classic. 
A little later came the capital writings of Poincare in which he laid doAvn the 
foundations of Analysis Situs, thus providing the needed tools to obviate the 
failure of space intuition. 

Meanwhile other phases of the theory were investigated in Italy and to 
some extent also in France, receiving an especially powerful impetus at the 
hands of Castelnuovo, Enriques and Severi. It is however a rather remark- 
able fact that in their work topological considerations are all but absent, 
practically never going beyond the study of hnear cycles, and this on the whole 
by very indirect methods. The reason is to be found of course in the fact 
that the investigations of the Italian School all center around linear systems 
and the problems that they naturally suggest. 

It seems certain that a further use of topological considerations will bring 
many new results.* In such a development the notion of algebraic cycles, or 
cycles homologous to those formed by algebraic varieties, is destined to play 
an important part. It is in fact the central concept dominating the first half 
of this memoir. 

After some general theorems on the analysis situs of algebraic varieties and 
on their multiple integrals, we concentrate our attention on surfaces, where, 
as could be expected, the results are most expressive. It is found first that 
a double integral of the first kind has no periods relatively to algebraic cycles, 
that is, to cycles homologous to those formed by algebraic curves. This 
result is then inverted by means of certain functions introduced by Poincare. 
It follows that Picard's number p is equal to the number of two-cycles without 
periods for the integrals of the first kind, while Seven's number a is the number 
of cycles whose multiple is homologous to zero. For higher varieties the 
result obtained is less precise, p being merely at most equal to the number of 

*In a monograph entitled U Analysis Situs et la Geomelrie Algebrique in course of 
publication in the Borel Series (Paris, Gauthiers-Villars), I have undertaken a thorough 
and systematic study of the topology of algebraic surfaces and varieties. Many new and inter- 
esting results, discovered since this memoir was written, will be found there. (Added in 1922) . 
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cycles without periods for the double integrals of the first kind. These 
general theorems are followed by various applications to the determination 
of p and a in many interesting cases. We may mention in particular what 
seems to be the first complete proof of a theorem first considered by Noether, 
to the effect that an arbitrary algebraic surface of order greater than three in 
ordinary space, possesses only curves that are complete intersections. 

The second and main part of this work is entirely devoted to Abelian 
varieties. Let Vj, be such a variety, of rank one and genus -p , 

«= llwyJI 0- = l,2, .-..p; M = l,2, ••■,2p) 

its period matrix. There exist in general 1 -\- k linearly independent alternate 
forms with rational coefficients, 

(1) ^c^^x^y, {cp.v = -c„;x), 

which vanish when the (a;)'s and the {y)'s, are replaced by the elements of 
any two rows of i2 . In particular if a certain inequality due to Riemann is 
also satisfied, (1) is said to be a principal form of Q, . Instead of the forms (1) 
we may consider others analogous to them, but no longer constrained to being 
alternate. The number of linearly independent forms of this more general 
type will be denoted by 1 + A and we always have A g fc g . The properties 
of matrices such as fl have recently been the object of searching investigations 
by Scorza and Rosati. 

Now it is found at once that Vp possesses exactly 1 + k two-cycles without 
periods with respect to the integrals of the first kind, and hence for Vp, 
p S I + k. On the other hand let <j){ui, ih, ■ ■ ■ , tip) be an intermediary 
function 

the relations which express its behavior relatively to Q . By considering the 
effect of adding the (co^)'s followed by the (wj's and then reversing the 
order we obtain at once '^{aj^Uj^ — ajyU]„) = m^^ = — m^^ the (m)'s 

U) 

being integers. We thus have corresponding to ^ a certain alternate form 
with integral coefficients 

(2) 'T.'^P." ^y. V" ■ 

On the other hand = determines a certain algebraic hypersurface of Vp , 
and the intersection of p — 1 hypersurfaces of the same system is a certain 
algebraic curve. By evaluating the cycle formed by this curve in terms of a 
certain simple fundamental system of cycles and then applying Riemann's 
inequality to the curve, we succeed in showing that the inverse of (2) is a 
certain principal form of Q, whence follows readily enough p > 1 + k, 
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and therefore finally p = 1 + fc . Thus the result obtained in the first part 
for algebraic surfaces holds for Abelian varieties. All this is to be compared 
with certain investigations of Appell, Humbert, Bagnera and de Franchis, 
leading in a wholly different manner to the same conclusion for p = 2 . There 
are also some related memoirs by Poincare. 

The consideration of Abelian varieties possessing certain complex multipli- 
cations leads us to the determination of A , ^' , p in a wide range of cases. We 
touch here in many points investigations of Scorza, Rosati, and Frobenius, 
our methods being more nearly related to those of the last-named author. In 
the simplest type examined 

fi = ||l,ay,a,^ ■■■,af~'\\ (i = l,2, ■■■,p), 

where the (a)'s together with their conjugates form the roots of an irreducible 
equation of degree 2p with integer coefficients. The determination of k , k, p , 
is shown to be closely related to certain properties of the group of the equation. 
In particular if this group is Abelian it is shown that in general 

1 H-/j = 2(1 + fc) = 2p = 2p, 

and Vp does not contain any Abelian subvariety of genus < p . 

After considering some new properties of Abelian varieties of rank > 1 , 
we pass to the study of the curves 

2/' = JI(a; — ftj)' iq odd prime) 

and of their Jacobi varieties with which the memoir terminates. We have 
succeeded in determining the total group of birational transformations when 
the (a)'s are arbitrary. In particular we have showed that in some well- 
defined cases there are no systems of reducible integrals, that the group is of 
order q and that the invariants of the Jacobi variety are given by 

1 + A = 2(1 +fc) = 2p = 2(g - 1). 

A remarkable class of curves met with occurs when g — 1 is divisible by 
three. They are birationally transformable to the form 

y,m yn _j_ 2^m 2" _|_ 2"» x" = (W^ — TOW + n^ = q). 

Their group is a collineation group of order 3g if g > 7 . For q = 7 , we deal 
with the famous Klein quartic x^ y + y^ z + z^ x = , whose group as shown 
by Klein is the classical simple collineation group of order 168. In all cases 
we have for the Jacobi varieties 1 + h = 2 {1 + k) = 2p = Qp = 3 {q — 1) , 
and there are systems of reducible integrals of genus ( 1/3 ) p • Special cases 
have been considered by various authors (Klein, Ciani, Snj^der, Scorza). 
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PART I 

PRELIMINARY THEORY 

Chapter 1. Cycles and integrals of algebraic varieties 

§ 1. Some theorems of analysis situs 

1. We collect here some notations to be used frequently in the sequence. 
Vd, fundamental rf-dimensional variety; 

Sd, d-space; 

[Cu], linear pencil depending upon the parameter u and generic in a linear 

system | C | of hypersurf aces of Vd ; 
Ri , ith. connectivity index of Vd ; 

M N • • ■ P , intersection of the varieties M , N , • • • , P . 
[M ], arithmetic genus of M , the number of points of the group when M is 

a group of points. 
In general we shall denote indifferently by M an algebraic variety or its 
Riemann-image. At times we shall find it convenient to distinguish between 
them; and then we shall denote the image by (M) . Finally by hypersurf ace 
of Vd is to be understood a, (d — 1 ) -dimensional algebraic variety contained in 
it. 

2. Let Vd be an algebraic variety with ordinary singularities, \C\ an ir- 
reducible linear system, oo'' at least, without base points, contained in Vd, 
and such that no point of Vd is multiple for any C through it. Taking then 
a pencil { C„ } we mark in the complex u plane the critical points ai,(h, ••-,«„, 
or points where C„ acquires a conical node and trace cuts ao di ■ For the sake 
of simplification we shall denote the hypersurfaces Ca„, C^j by Co, C,-. We 
propose to prove the following three propositions: 

(a) Any ^-cycle of Vd{i < d) is homologous to a cycle wholly within a C , 
and when i < d — 1 , the two cycles bound at the same time in their re- 
spective manifolds. 

(b) Any d-cycle is the sum of two others of which one is wholly within a C 
and the other is composed of a d-dimensional manifold contained in Co plus the 
loci of certain {d — 1 )-cycles of Cu when u describes the lines ao a, . 

(c) The ^th connectivity indices, i ^ d — 2 , of Vd and C are equal. 

For linear cycles (a) and (c) have already been proved by Picard, Castel- 
nuovo, and Enriques, for two-cycles of algebraic surfaces by Poincare, whose 
method adapted to the general case shall be used here.* We shall also apply 
his notations = , co , and say with him: "A is homologous to B {ov A ooB), 
modulo M", to indicate that A — B bounds in M. 

*Journal de matliematiques pures e t ap p 1 i q u e e s, ser. 6, vol. 2 (1906), 
p. 157. See also the writer's paper in the Annals of Mathematics, vol. 21 
(1920) as well as the monograph already referred to. 

Trans. Am. Math. Soo. 32 
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3. Since the propositions to be proved are true iov d = 2 we can assume that 
they hold for a Vd-i and prove them for a Va ■ Any t-cycle oi Cu{i ^ d — 2) 
is homologous to a cycle contained in the base manifold B of {C„}. The 
deformation of the cycle in B must be continuous when u varies, hence it 
remains homologous to itself, which shows that any cycle of less than (d — 1) 
dimensions of Cu is invariant when u varies. Even if the cycle has more than 
(d — 2) dimensions this still applies when it is homologous to a cycle in B . 

Let then Ku be the {2d — I )-dimensional locus of C„ when ti describes the 
semi-straight line: argument {u — ao) = Const. The manifold Ku cuts an 
i-cycle Vi {i ^ d) in a certain {i — 1 ) -dimensional manifold. Bj^ con- 
sidering the homeomorphism which- exists between C„ and Co when the above 
semi-straight line does not contain any critical point, we may show that the 
{i — l)-cycle just considered is homologous to a cycle in Co. Hence by a 
slight change in Poincare's reasoning (loc. cit.) we can show that the cycle 
Ti is homologous to a sum of cycles situated in the hypersurfaces Ca plus a cycle 
T'i obtained as follows: a certain cycle 7f_i of C„, (m is assumed on ao Oh) , re- 
duced to a point for u = ah, has for locus when u describes the line ao ah a 
manifold A'- whose boundary is the position of y'l-i in Co. The cycle T'i is 
the sum of J^'Xh A* and a manifold Aj situated wholly in Co . According to 
a remark made above no cj'cle of less than (d — 1 ) dimensions of C„ dis- 
appears at the critical points, hence if ^ < d, Fj is homologous to a sum of 
cycles situated in several (C„)'s.- But when C„ is displaced it can neither 
gain nor lose cycles of Vd- Hence the cycles situated in several (C„)'s are 
all homologous to cycles within one of them, for example Co . This completes 
the proof for the first part of (a). 

In the case of a cf-cycle Td, besides the cycle in Co there is the cycle 
XXft A<* + Ad which proves (6). Let now Ti'^0{i^d — 2) and denote 
by Mj+i a manifold bounded by Ti. By considering the intersections of 
M,_|_i and Ti with Ku we can show that there is a manifold il/';+i, bounded bj- 
the cycle F^+i of Co , to which T'i has been reduced. The manifold Mj+i will 
be the sum of a manifold in Co and of another locus of certain t-cycles of C„ 
when u describes the cuts. Just as before, since no cycles of less than {d — 1) 
dimensions disappear at the critical points, the part of M'i+i exterior to Co 
can be suppressed. The cycle Fi+i will therefore form the boundary for a 
manifold wholly in Cq. This completes the proof of (a). 

4. Let Ti-2 {i ^ d + 1) be an invariant {i — 2)-cycle of C„. It will 
be an arbitrary cycle of C„ for i < d -|- 1 . Associated with the complex %i 
plane it will generate an ■i-dimensional manifold Ti bounded bj' the locus of 
Fj_2 when u describes the cuts. But the parts of this boundary generated by 
Ti-i when u describes the opposite borders of the same cut destroy each other, 
hence F, is an z-cycle. It is besides evident that if rj~0, also Fi_2 ~0 mod. 
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Cu- Conversely, if ri_2 bounds an (i — 1 ) -dimensional manifold on C„, 
Ti bounds its {i + 1 )-dimensional locus when u describes the complex u 
plane. There might be doubt only if i — 2 = d — 2 , for then parts of the 
locus corresponding to the cuts might also have to be considered as forming 
part of the boundary of the (i + 1 )-dimensional manifold. But in that case 
we replace rd_2 by a homologous cycle in CC„, (C fixed). This amounts 
to replacing Vd by C for which the difficulty does not present itself any more. 
A certain cycle ~ Ti will then bound in C and therefore also in Vd- In this 
manner Rd-i independent cycles of Vd in C„ generate Rd-i independent {d + 1) 
cycles of Vd, and as Rd-i = Rd+i, (Poincare, loc. cit.), every (d + l)-cycle 
depends upon those so obtained. Let us start then with a Td-i of Vd in a C\ 
It yields first a Td-t+i in a C'~^ , which in its turn yields a Ta^i+i in a C*~^ etc., 
so that ultimately we arrive at a Td+t of Vd of which Td-i is the trace on C\ 
and if a multiple of one of the cj'cles is ~ , then also a multiple of the other 
is ~0. Owing to Poincar^'s relation Rd-i = Rd+i, every {d + i)-cycle 
depends upon those thus obtained or conversely all (d — ■i)-cycles of Vd 
in C* are dependent upon the traces of its {d -\- ^)-cycles. Now a {d — i)- 
cycle in C* can just as well be considered as the trace oi & {d -\- i — 2)-cycle 
in a C passing through C% and all {d — O -cycles of C^ depend upon the 
traces of these {d ■{• i — 2)-c}^cles of C . The reverse is true, namely, all the 
{d -\- i — 2)-cycles of C depend upon the cycles generated by the {d — i)- 
cycles in the (C*)'s. It follows that the index Rd+i-2 of C is equal to Rd+i, 
or, owing to Poincare's relations, as applied to C, the indices Rd-i of both 
manifolds are equal. This proves (c). 

§ 2. Effective and algebraic cycles 

5. It is important to distinguish between the cj'cles which do and those 
which do not intersect a given hypersurface C . If we merely limit our con- 
siderations to an assigned cycle or hypersurface we can not go very far, for 
the one can be deformed and the other displaced in its continuous system, 
their intersection thereby being changed. To arrive at a valuable concept 
we must compare a continuous system of hypersurfaces to a set of homologous 
cycles. We shall say by definition that an i-cycle Ti is effective relatively to 
the hypersurface C if there is a homologous cycle having no point of inter- 
section with a hypersurface of the same continuous system as C . 

Let then \C\ be a linear system such as we have already considered, and 
assume that a cycle Ti{i = d) meets a C along a Ti-2 . 

In the intersection CCi of C with another hypersurface Ci of the system 
there exists, (No. 2), a Tl-^ trace of a cycle T-' of C, ~ mod. C to a multiple 
of ri_2. Replacing if necessary Ti by an adequate multiple, we may say 
that T'i-2 ~ Ti-2 mod. C. Now make Ci tend towards C in \C\, while main- 
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taining \CCi\ and T'l-.^ fixed. T'i' will tend towards a cycle F; of Ci, whose 
trace on CCi will still be ri_2. We thus have a cycle T'i of Ci , whose trace 
on CCi bounds with rj_2 a certain Mi-i of C . 

Let now E2 be a two-dimensional elementary sensed manifold or "element" 
passing through a point ^ of C and transverse to C . Together with a sensed 
(2d — 2)-fold element of C through A it determines the sensing of Vd, and 
since C and Vd are both two sided, when A describes any closed path in C , £2 
may be displaced at the same time without ever acquiring a line segment in 
common with C, so as to return to its former position with sense unchanged. 
The following analogous occurrence in ordinary space will make this clearer: 
When the origin ^ of a directed segment AB describes a closed path on a two- 
sided surface, AB may be displaced without ever becoming tangent to the 
surface, so as to return exactly to its original position. 

To come back to our question, let A describe M i_i and displace £2 in the 
manner just indicated so that moreover when A is in Ti-2 or T'i-2, E2 will be 
in r, or r, respectively. In these conditions a circuit surrounding A in £2 
will generate a manifold Alt meeting nowhere C, and if we suppress in 
Ti — T'i + Mi the part generated by the area of E2 which is bounded by f 
when A describes Ti^2 or T'i-2, we obtain a cycle ~ (Fi — Fi ) , since we can 
make it tend towards this cycle as a limit, and this new z-cycle is effective 
relatively to C . But F< , which is in Ci , is ~ to a cycle wholly in C . Hence, 
there exists a combination of any i-cycle (i = d) and of cycles wholly in C , 
effective with respect to C . 

Algebraic cycles. These cycles, which occur when i is even, are simply 
the cycles homologous to a combination of those formed by the algebraic 
manifolds of Vd- The cycles formed by algebraic curves have been con- 
sidered by Poincare although he made no application of them. 

6. A non-bounding d-cyc\e of C is also one of Vd , for when C varies in its sys- 
tem it neither gains nor loses (d — 2 ) -cycles and therefore (^-cycles, so that they 
are invariant. Hence the number of cZ-cycles non-effective relatively to C is 
equal to the dth index of connectivity of the hypersurface, hence also to its 
{d — 2)th index and therefore, according to what, we have already shown, 
to Rd-2- If "we denote by R't the number of i-cycles effective with respect 
to C , we shall have R'a = Rd — Rd-2 • 

Let now i ^ d — 1. Any i-cycle of Vd is homologous to a cycle in C**"* . 
Replacing then Vd by C''~', which has the same number of effective i-cycles 
with respect to a C'^~»+i as Vd with respect to C , we obtain 

Ri- R'i = Ri-2, R2- R', = 1 (2 < i < d) . 

The second formula follows from the fact that we have to take into account 
the non-effective algebraic cycle C''"^ . 
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In the next chapter it will be shown that on an algebraic surface the alge- 
braic curves are non-effective cycles with respect to a curve in a properly 
chosen system. Moreover, from the above it follows that if C is a plane 
section, A any other curve, T any two-dimensional cycle, a certain cycle 
mA -\- nV (n ^ ) is effective with respect to C . The proof holds as well if 
C is generic in a certain linear system | C \ analogous to the system of hyper- 
surfaces of similar name. This establishes the second formula ior d = 2 . 
When d > 2 , a multiple of any r2 is homologous to a cycle in C , which shows 
that we may replace Vd by Fd_i; hence this second formula holds for all cases. 

We thus see that R'l does not depend upon the special system | C \ considered, 
provided it has certain general properties specified in No. 2. 

7. From the formulas obtained follow these: 

tki = T.R'zh, 2i^d 

h = 

fisi+i = T.%h+i, 2i + l^d; 

h = 

(Ri = Ri, Ro = I) . 

Hence if Ra = 1, its minimum value, R2h = 0, /?2a = l,h = i, arid if 
Rii+i = 0, R'2h+i = Rih+i = 0, h ^ i. In particular if a single Ra+i = 0, 
Ri = and Vd is regular. 

Finally let us notice explicitly that a multiple of an i-cycle no7i-effective with 
respect to C is the sum of an effective cycle and of a cycle in C"*-»+i . For i = 2 , 
the multiple of any non-effective cycle is the sum of an effective cycle and the 
algebraic cycle C'*~^ taken a certain number of times. 

Let us mention here a formula derived first by Alexander* and giving Rd 
in terms of the (ii»)'s and of the Zeuthen-Segre invariant Id of Vd. It can 
be written 

Rd = id + 2'j:{- iy-'+' R^ + 2i-irid~i). 

8. Let Ai, • ■ ■ , Aghe hypersurfaces of Vd and assume |C| so chosen that 
it contains their sum, leaving a residue \K\, linear system of the same type 
as \C\. Let now Co = Ai + Ai + ■ • • + A^ + K , and, instead of con- 
sidering a pencil { C„ } generic in | C | , let us take one containing Co . Reason- 
ing in regard to this pencil as previously we find that the multiple of any (f-cycle 
is the sum of a cycle effective with respect to the hypersurfaces Ar,K, and of 
a cycle contained within one or more of these hypersurfaces, and non-effective 
with respect to their totality. The number of effective cycles will now be 
R'd — rd, rd = . Thus there will be rd cycles effective with respect to K , 

*Rendiconti dei Lincei, ser. 5 vol. 23 (1914), pp. 55-62. 
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but not with respect to the ( A Ys. Since r^ = R'd , when any set of hyper- 
surfaces whatever is considered, this integer has a maximum pd which is 
obviously a numerical invariant of Vd . It is the maximum number of cycles 
contained in the hypersurfaces of Vd and yet effective with respect to an 
irreducible linear system, oo<^ at least, without base points. 

A similar invariant pi may be defined for i-cycles. The invariants pi of 
Vd and of C are the same when i ^ d — 2 . Hence pi is the same for Vd 
and C^,h^d — i— \. In particular pi is the same for Vd and C . We shall 
see that for any Fd , 1 + P2 is equal to Picard's number p . 

9. Torsion indices. It may happen that two i-cycles Ti, V'l , without 
being homologous to each other, are nevertheless such that Xr» ~ W'i , X >1 . 
The cycle Aj = r» — F,' is called a zero-divisor. Poincare has shown that 
when this occurs, Vd undergoes a sort of internal torsion and the (X)'s are 
related to his so-called torsion-coefficients. He further established that the 
torsion coefficients for i-cycles are equal to those for the {2d — i — 1 )-cycles. 

The operations + A j applied to the t-cycles give rise to an abelian group whose 
order <Ji is the product of the torsion coefficients. We shall call it the ith 
torsion index. These indices satisfy the relation o-j = au-i-i, <^u-\ = 1- 
In particular, (j\ = 0-2^-2 = <r is the invariant of Severi, as we shall see later. 
That is in an algebraic surface it turns out that the zero divisors for the cycles or 
algebraic curves lead all to the same numerical invariant. Algebraic surfaces 
with <r > 1 , of which examples have been given by Severi and Godeaux, 
have then the property of possessing linear cycles that do not bound, but of 
which a certain multiple bounds. 

Since any i-cycle, t ^ d — 2 , is homologous to a cycle in C and also since 
such cycles when in C form cycles of Va , I'd and C have the same zero divisors 
for these cycles and therefore equal invariants ai, i = d — 2. 

10. The notions of base, intermediary base, minimum base are commonly 
useful. Let Ai, Ai, • • • be a set of entities forming a modulus, i.e., having 
these properties: (a) The sum or difference of any two belong to the set, (b) the 
zero of the set is well defined, (c) A + B does not differ from B + A. The 
entities Ai, • ■ • , An are said to form a base if for every A there is a relation 
X^ =Xi^i + X2^2+ ••• +'hnAn, whcrc the (X)'s are integers. If X 
always divides all the (Xj)'s the base is called intermediary, while if for every 
A we can take X = 1 , we have to deal with a minimum base. Examples of 
such systems are given by the i-cycles of a closed manifold, the hypersurfaces 
of a Vd, etc. 

Repeating for the i-cycles a discussion of Seven's* for algebraic curves it 
can be shown that the i-cycles of Vd possess ordinary and minimum bases 
composed of Ri and Ri + Cj — 1 cycles respectively. 

*Annales de I'Ecole Normale superieure, ser. 2, vol.25 (1908), pp. 
449-468. The nomenclature is his. 



1921] INVARIANT NUMBEES OF ALGEBRAIC VARIETIES 337 

11. If Fd possesses arbitrary singularities but is birationally transformable 
into V'd, variety with ordinary singularities, the neighborhood of the ex- 
traordinary singularities of Vd may be considered as forming a certain number 
of infinitesimal algebraic varieties. We shall thus be led to consider in- 
finitesimal i-cycles contained in these varieties and corresponding to finite 
cycles on Vd ■ 

In general an invariant m may take a different value according as infinitesi- 
mal cycles are or are not taken into consideration. Reserving the ordinary 
notation for the first case we shall denote the invariant in the second by [m]. 
This notation has already been used by Bagnera and de Franchis for the 
number p. We shall then have Ri — [Ri] = pi — [pi]. 

Remark. If Vd has ordinary singularities , in considering the t-cycles con- 
tained in a given hypersurface, the infinitesimal cycles must be left out, that 
is, no attention must be paid to accidental singularities of the hypersurface. 

§ 3. Integrals of the second kind 

12. Much interest is added to the discussion by introducing integrals of 
the second kind. The author has recently published a series of results (most 
of them without proofs) relating to triple integrals of a F3* and a memoir 
containing the proofs is ready for publication. In another memoir he has 
given the extension to double integrals of a Fsj , of the Picard theory of double 
integrals of the second kind of algebraic surfaces. The extension from d = 2 
to d = 3 presents many difficulties which seem to disappear in the extension 
from d = d to any other value of d . We shall then indicate mostly without 
proofs the statements for a Vd : 

Let Fd ( Xi , X2, ■ ■ ■ ,Xd,t) = Ohe the equation of Vd still assumed irreducible 
and with ordinary singularities , \H\ the system of hyperplane sections, //j. 
the section by Xi = const. The integral 



(1) 



I I • • • I U {xi, X2, ■ ■ ■ , Xd, t) dxi dxi ■ ■ ■ dxd ( U a rational function). 



is of the second hind if to every hypersurface of infinity A of U corresponds an 
integral of type called imijroper of the second kind, 



(2) 



I I • ■ • I 22 ^ — ^ ^•'^1 d^i ■ ■ ■ ^^d ( ^i ^ rational function). 



such that their difference is finite in the neighborhood of an arbitrary point 

of ^ . If (1) is not of the type (2) it is said to be pro-per of the second kind. 

Proper and improper integrals preserve their character under birational 

*Comptes Rendus, vol. 165 (1917), pp. 850-854. 

tAnnali di matematica, ser. 3, vol. 26 (1917), pp. 227-261. 
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transformations. The number p'l of proper integrals of which no linear 
combination is improper is an absolute invariant. If the system of hyperplane 
sections is adequately selected every integral of the second kind can be re- 
duced by subtraction of an improper integral to the normal form 

(3) //•••/ ^^^^^^^^^'-^^ dx, ch, . . . ch, , 

where P is an adjoint polynomial. 

Whether of the second kind or not, (3) has periods and residues, but only 
relatively to finite cycles or cycles effective relatively to the hypersurface at 
infinity. Indeed, as Picard has shown, if the cycle is infinite the corresponding 
value of (3) is indefinite or if definite may vary when the cycle is deformed. 

In connection with (3) we may also consider 



(4) 



jj.:.jPi^l^^^,^^Ll,3L^d,^dx, ... dx._„ 



attached to Hx^- Its periods satisfy a linear homogeneous differential equa- 
tion — the equation of Picard-Fuchs. By expressing the periods of (3) in terms 
of those of (4) we may show that when P is properly chosen they assume 
an arbitrary value. 

13. Let then r'i be the number corresponding to R'l for H . On the strength 
of what has been stated we may derive this formula, in which N denotes the 
class of Vd , R'd = N — 2{ r'a-i — R',,-i ) — ( ?v_2 — R',1-2 ) , as being the exact 
number of integrals without residues, but with some non-zero periods. These 
integrals are of the second kind and every proper integral is reducible to them. 

By means of this relation we may derive Alexander's formula for Rd ■ In- 
deed, if Is is the Zeuthen-Segre invariant of H"^'^ we have for Vd'. 

Id = N - 2Id-i - Id-2 

:. R'd - Id = 2Kw + K,-i - 2 (Jv-i + h-i) - (r:,_2 - Id-i) 

and similarly for H"^'^ (5 = 3,4, •••,(^— 1), 

/, - /. = 2p:_i + K-i - 2 ()•:_! - i,_i) - (fU - 7,-2) , 

r', - /2 = 2Pi + 1 , 
whence 

Kj = n + (- ly .{d- i) + E(- 1)'"' ■{d-i).Ri+u 

which reduces to Alexander's formula for Rd if we remember that 

Ri = Ri — Ri—2 
and set, as we should, Ro = 1 , R-i = . 
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Let US return to our integral of the second kind under normal form. If 
its periods are all zero, it is improper of the second kind. We shall show below 
that there are exactly pd improper integrals with non-zero periods, hence for 
the number of proper integrals 



p'o' = i?:, - pd = ici + 2{- irid- 1) - Pd + Z(- ly-HRi+i-Ri-i) 

= Id + 2{- ly {d - 1) - pa - Rd-, + 2'j: {- 1)"-'+' Ri- 

For d = 2 this becomes a well-known formula given by Picard and for d = S 
it becomes the formula of the author's Comptes Rendus note, the X 
of the note being the same as pd . 

14. We will now outline the proof that there exist pa improper integrals in 
normal form and with non-zero periods. 

Let then Ai, A2, • • • , ^^ be hypersurfaces such that there are pa finite 
cycles Fi , r2 , • • • , Fp^ non-effective relatively to some of the (^ )'s. We shall 
assume (as we may) that the simple hypersurface of intersection oi F't = 
with Vd is among the (^ )'s. There are Ki — pa cycles, F'l , F'a , • • • , F'j;^^_p, , 
effective relatively to i7 , or as a special case finite, which do not meet the ( ^ )'s. 

It is sufficient to show that from any integral of the second kind in the 
normal form we may subtract an improper one so that the difference will be 
without periods relatively to the (r)'s. Indeed, by means of a change of 
variables it can be shown that (4), extended to a closed continuum, where it 
is finite and where F't 9^ Q , yields a zero period.* It follows that an improper 
integral under the normal form has no period relatively to the (F')'s and 
therefore the R'^ — pd integrals that may be formed having no periods with 
respect to the ( F )'s, but having some with respect to the ( F' )'s, are certainly 
proper. As by assumption all proper integrals are reducible to them, we 
must have p'd = R',i — Pd- Therefore there must be pd = R'a — 'p'l improper 
integrals in the normal form with non-zero periods. 

Let Vij. be the {d — 2)-cycle intersection of F, and Ai^. A multiple of Fa- 
is homologous mod. ^ J; to a Frt situated in Hx^Ak, wherein it is invariant 
when .Ti varies. Replacing if need be F, by a certain multiple of itself we may 
assume that actually F^ ~ F^ mod. Ak ■ The possible exceptional singularities 
of Ak need not be taken into account for the theorems of No. 2 are readily 
seen to hold even then since Fj^ is of dimensionality d — 2 and F; may be 
assumed not to go through the exceptional singularities. 

By reasoning as in No. 5, we may reduce F, to a cycle cutting ^fc in Ttk 
and nowhere els£. Henceforth assume that Fj is that very cycle, Tik thus 
coinciding with F^. We can then arrange matters so that the vicinity of Tik 

* The proof for d = 2 is given in the author's Annali di matematiea paper, no, 8. 
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in Ti be entirely in H^i- It constitutes a small region bound by a ( rf — 1 )- 
cycle Ajfc. Suppress these regions from Ti and let Mi be what is left. 
We observe that if Ui is a rational function infinite on the ( ^ ) 's only 



I I " ' f 'J^ ^^^ ^^'"^ ■ ■ ■ dxd = Yl, \ \ ■ ■ ■ \ Ui dx2 dxz ■ ■ ■ dxd 

{]■■•] dxi dx-z • ■ ■ dxd = . 

J J Jj^.dxh+i 

Thus the first (i-uple integral is a sum of residues of 

(5) 1 I " I ^^ '^^'^ '"^^^ ' ' ' ^^'^ ' 

attached to Hx^ , relatively to the cycles Fit . 

It may be shown that the residues at finite distance of (5) * are as arbitrary 
as if Ui were no more constrained to be rational in xi . This follows in principle 
from the fact that an integral of a rational function belonging to a Va and 
with arbitrary residues can be formed by operations rational with respect to 
the coefficients of its equation. 

A corollary is the existence of an integral (5) with constant residues 
with respect to the cycles such as Ti^. In that case 



dxiJ J J 



Ui dxi dxz ■ ■ • dxd 



behaves like an integral of the second kind at finite distance. From this can 
be deduced the existence of rational functions U2, Us, ■ ■ • , Ud, such that 

ydUi^ P(.ri,.T 2 , ■■■ , Xd,t) 

Tiidxi 4>{xi)F't 

where P is an adjoint polynomial and an ordinary polynomial. From the 
relations established above, and since the integral at the left in (7), taken 
over Ti — Mi, is very small, follows then 

Hence the period of (7) as to T,-, like the residues of (5) as to Tiu, is 
completely arbitrary. Thus we may obtain an improper integral of the 
second kind (7) with arbitrary periods relatively to the (r)'s. As (7) may 
be shown to be reducible to the normal form without gain or loss of periods, 
we see finally that its periods relatively to the (r')'s are zero since these last 
cycles are effective relatively to the (^)'s. As the periods of (7) relatively 
*Quarterly journal of mathematics, vol. 49 (1917), pp. 333-343. 



1921] INVARIANT NUMBERS OF ALGEBRAIC VARIETIES 341 

to the (r)'s are perfectly arbitrary we may obtain an improper integral in 
the normal form which when subtracted from a given integral of the second 
kind in that form will yield one without periods with respect to the (r)'s, 
and this proves our theorem. 

All that precedes may be extended to integrals of "total differentials," 
that is, to integrals of the type SS • • 'S ^ Phh — i.dxi^dxi^ ■••dxi,, 
where the ( P)'s are rational and satisfy Poincare's conditions of integrability. 
For example, when s = 2 , these conditions are 

dPjk , dPki . dPii _ „ 
dxi dxi dxk 

The integral will be proper or improper of the second kind according as it 
determines an integral of one or the other type on an arbitrary H. This 
makes it possible to define these integrals by recurrence. The number of 
proper integrals of the second kind is pi = R', — Ps = Rs — R$-2 — Ps • 

In particular f or s = 2 we have pi = R2 — p^ = R2 — {p — 1) = R2 — p ■ 
This special case s = 2 has already been considered* by the author of the 
present paper. 

§ 4. Periods of integrals of the first kind 

15. Integrals of the first kind are defined as usual as those which are every- 
where finite. While restrictions were necessary before as to cycles relatively 
to which integrals of the second kind could properly be assumed to have 
periods, they cease to be necessary when we deal with integrals of the first 
kind. However, the question may be asked, how many of the Rs periods which 
an s-ufle integral of the first kind may have, are linearly independent in the field 
of rational numbers, in the sense that they do not have to satisfy a linear 
homogeneous equation with integral coefficients. Let us assume at first 
s = d and consider the integral of the first kind 

^^^ //■ ■ ■f ^^''"'''"p,"''''''*^ dx, dx, ■ ■ ■ dxa. 

What can be said as to its period relatively to a rf-cycle Td non-effective 
relatively to HI By combining Va with effective cycles we may derive a 
cycle contained in Hx^ . Grant that this has already been done for r^ . It 
will intersect the H^ at infinity of Hx^ in a {d — 2) -cycle rd_2. We may 
isolate on Va the vicinity of Td^^ , the boundary of the isolated part V'^ being 
a manifold -Md_i — a tube for (^ = 3 . The integral (8) extended to Td — T'a 
gives zero since dxi = at all points of this continuum and it is at finite 
distance. Let us make a projective transformation reducing the H^ at in- 

*Annali di matematica, loc. cit. In the formula there given R^ should be 
replaced by R as only finite cycles are considered. 
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finity of Hx^ to Hx^ Hx^- Keeping notations unchanged we see that the 
period of (8) relatively to Td is equal to the value of (8) extended over V'a, 
a portion of the cycle near Td-2 , and this will certainly give zero if 



//•■•/ 



P ( .Tl , ■T2 , ■ • ■ , Xd,t) 



dxi dxi • ■ ■ dxd 



has no period relatively to rrf_2 . Now if rrf_2 is finite, that is, if it is effective 
relatively to H , the period in question is certainly zero. For, maintaining ai 
fixed, we see that the periods of (9) vanish when x^ = ^o because P is an 
adjoint canonical polynomial (that is of degree m — d — 2, where m is the 
degree of Vd) ■ But as x^ varies the period relatively to Td-2 , cycle of Vd in 
Hxi Hx^ , is rational in X2 , finite everywhere since the cycle is finite, hence 
constant and zero at infinity, and therefore identically zero. 

The same result can be obtained differently. The doubtful part of Ta is 
composed of co ^ ( d — 2 )-cycles differing very little from rd_2 , and the value of 
(8) extended over V',,, is equal to the constant period of (9) relatively to rd_2 
integrated over a finite two-dimensional continuum of the complex ( xi , Xi ) 
space, and therefore again zero. 

We have thus obtained i?',_2 d-cycles with respect to which (8) has no 
periods. The same reasoning may be pursued by replacing (8), Vd and Vd 
by (9), H'^ and Td-i, and so on. We shcdl have finally 

R,l-2 + Ra-6 + • • • = Rd-i — Rd-i + Rd-6 • • • 

non-effective d-cycles relatively to ivhich integrals of the first kind have no periods. 
Similarly there are Rs-i — Rs-i + • • • non-effective ^-cycles with respect to 
which s-uple integrals of the first kind have no periods. In these expressions 
the last term is either ± -Ri or ± i?o = ± 1 • 

16. It is easy to show that s-tuple integrals of the first kind have no periods 
relatively to the ps cycles of No. 8. To show this, transform Vd birationally 
into a variety V',j with ordinary singularities in such a way that the trans- 
formed A'k of Ajc be part of the hyperplane section xi = . The finite cycles 
contained in the {A'tcYs will now yield zero for period since at every point of 
them dxi = . The same is true for finite cycles of Vd that have become 
infinitesimal on V'a, — a circumstance that may well happen — , for these 
infinitesimal cycles may be assumed at finite distance also. Thus there will 
be in all ps + Ra-i — Rs-i + -Rs-6 • • ■ distinct s-cycles relatively to ivhich 
integrals of the first kind have no periods. 

Are there any others with the same property? Probably not, though we 
have succeeded in proving it only for algebraic surfaces and for abelian varieties 
with a period matrix as general as possible. 
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Chapter 2. Invariants p, a of algebraic varieties 

§ 1. Poincare's normal functions for algebraic surfaces 

17. Let F{x, y, z) =0 represent an algebraic surface V2, of order m, 
irregularity |iii = q, and denote by li^l and p the system of plane sections 
and the genus of a generic H . As is well known, a set of p independent 
integrals of the first kind of Hy, arbitrary curve of the pencil [Hy], can be 
obtained thus: For the first p — q integrals we take 



F', 



where Ph is an adjoint polynomial of order in — S, and for the remaining we take 
the q integrals of the first kind Wp-g+i , Up-q+2 , • ■ • , tip oi V2 . Let Ai, A2, ■ ■ ■ , 
Am be the base points of {Hy}, C any algebraic curve oi V2, Mi, M2, ■ ■ ■ , M„ 
the variable points of the group CHy or these points associated with some of 
the (^ )'s. Consider the abelian sums 

n{y) =Y^ \ duh {h = 1,2, ■■■ ,v), 

first introduced by Poincare,* who gave for them expressions which the 
present choice of integrals of the first kind reduces to 



(1) 



i^hiy) = 1^^^, \ ~ — -dY {h = i,2, 
k=i 2m ,A Y ~ y 



V - q), 



Vp-g+s = ft (s = 1,2, •••, g). 



In these expressions the (X)'s are integers, called characteristic integers, b 
arbitrary, 61, &2, ■ • ■ ,hN the critical values of y tov {Hy}, the (;S)'s constants, 
and finally 12^5 the period of Uh relatively to the cycle of Hy that vanishes for 
y = bk- The corresponding periods of Up^q+s are obviously zero. The 
paths of integration form a system of non-intersecting cuts in the y plane. 

In the expressions as given by Poincare there appear certain rational func- 
tions at the right. These expressions can only be polynomials, for their 
Infinities are the same as those of the {u)'s. Moreover, by means of the 
birational space transformation x = x'/y' , y = 1/y' , z = z'/y' , we may 
easily verify that Vh{y) , h = p — q, vanishes at infinity, while the other 
(ti)'s are finite there, hence the form of the expressions (1) follows. Besides 
it can be shown directly that Vp-q+s is constant for it is uniform in y and finite 
everywhere (Severi). 

*Annales de I'Ecole Normale superieure, ser. 2, vol. 27 (1910), pp. 
56-108. Sitzungsberichte der Berliner mathematisohen Ge- 
s e 1 1 8 c h a f t , vol. 10 (1911), pp. 28-55. 
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18. We obtain a first set of relations to be satisfied by the quantities entering 
in the (i))'s when we express the fact that the (^)'s are independent of b or 
that dvjc/db = . 

If in the relation obtained we replace b , which is arbitrary, by i/ , it becomes 

N 

(2) Y.>^k^hk{y) =^ {h^l,2, ■■■,p~q). 

k=l 

This condition once satisfied, the (i))'s as given by (1) are regular everywhere, 
infinity included, except at the critical points &», and this is as it should be. 
Another condition is obtained thus: Let there be a value y = a for which 

j^ Jh Phj x, y, z) 
A=i (y - aY 

remains finite, the (7)'s being constants. Then '^ yhVhiy) ■ {y — a)"^ 
must also remain finite. We can always select our integrals so that s = 1 for 
all the (a)'s (Poincare), but this is immaterial. 

A set of functions satisfying these two conditions and behaving like the 
(i))'s at the critical points forms what Poincare has called a set of normal 
functions. He has proved the following fundamental theorem: To a set of 
normal functions always corresponds an algebraic curve for which they are Abelian 
sums. Exceptionally, the curve is reduced to one or more of the points A i . 

Given two algebraic curves J3 , C , of F2 , we will write with Severi B = C , 
if there exists an algebraic curve E such that B -\- E , C + E are both total 
curves of the same continuous system.* When B varies in its continuous 
system the characteristic integers corresponding to the total group BHy are 
fixed. They are only determined however up to a system of integers corre- 
sponding to a period, as the periods obviously form sets of normal functions. 
The set of characteristic integers of B + E is obtained by adding the corre- 
sponding integers of B and E. Hence \i B — C , the differences between 
their characteristic integers form a set corresponding to a period, it being 
understood that characteristic integers are taken for the total groups BHy, 

CHy. 

§ 2. Algebraic cycles of a surface. Fundamental theorem 

19. We propose first to interpret the conditions that the (i))'s must satisfy 
from a somewhat different viewpoint. 

We begin with the second condition. When "^ Jh Ph(x , y , z) = {y — a) ■ 
Q{x, y , z) , Q'ls&n adjoint polynomial of order m — 4 and the double integral, 

(3) Il^^^^-'^'y 

* These systems may be reducible but must be connected. A thorough treatment of this 
point has been given by Albanese, Annali di matematica,ser. 3, vol. 24 (1915), 
pp. 159-233. Our " equivalence " is the same as his " virtual equivalence ". 
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is of the first kind. Let uidy) be the period of 

(4) JQll^d, 
corresponding to Qhh for Uj,. We must have 

(5) l,7/>Xi -^ = 2^ Xa m(y)dy = 0. 

Conversely if (3) is of the first kind, 



/ 



{y ~ a)Q{x, y, z) , 



is a Hnear combination of mi, %, ■ • ■ , Uj,_g, identically zero for y = a, and 
the relation (5) corresponding to it must be satisfied. Hence (5) is true what- 
ever the integral of the first kind (3) considered. 

20. Let r be any two-cycle of V2 . We may assume without loss of gener- 
ality that any Hy meets it in a finite number of points since this can always be 
obtained by slightly deforming the cycle if necessary. Since V is two sided 
we may sense it by assigning a positive direction of rotation for its small 
circuits. Let now y describe a small positive circuit in its plane. Of the 
points of intersection of T and Hy, a certain number, say n' , will describe 
positive circuits on T , while the n" remaining points will do just the opposite. 
The number n' — n" does not depend upon the position of the circuit in the y 
plane, for when a point of one type disappears one of the other disappears at 
the same time. The number n' — n" is therefore a definite simultaneous 
character of the two manifolds T , Hy. Poincare introduced it for manifolds 
Ms, Mic-s in an Mic (the indices indicate the dimensionality), and he denoted 
it by iV ( Ms Mk-s ) . The N really is superfluous, and we shall simply write 
( Ms Mk-s ) , or (T Hy) = n' — n" . All we need to know concerning it 
here is that if T ~ 0, also ( T Hy) = 0. 

We observe at once that if T is an algebraic cycle ( C ) , of the two numbers 
n' , n" , one is necessarily zero, the other being equal to ± [ CHy ], or in absolute 
value equal to the order of C . This follows from the well-known property of 
a multiply sheeted Riemann surface, that when the independent variable 
describes a small circuit in its plane, the corresponding points in the various 
sheets describe circuits sensed alike relatively to the surface. We shall make 
once for all the convention that ( C ) is to be so sensed that (C Hy) = [ CHy ]. 

Returning to the cycle T , let us join Ai to all the points of intersection of 
r and Hy by lines in Hy . Their locus as y describes its plane without crossing 
the cuts bbjc is a manifold M^ whose boundary is composed of F, of part or 
all of Hy , and of a manifold M2 that may be described thus : When y goes from 
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2/0 on one side of bbk to the point t/'o right opposite on the other, by turning 
around bk without crossing the cut, the aggregate of lines whose locus is Ma 
returns to a new position in Hy^ = Hy'^ , which differs from the old position by 
a multiple of the linear cycle 5^ of Hy that reduces to a point when y = b^. 
The locus of 5k when y describes bbk is a two-dimensional manifold A^ , some- 
what similar to a cone with its vertex at the point of contact of the plane 
y = hk, and its base in the position of 5j in Hi, and we have 

Mi = - EX^Afc. 

.-. (6) r~£XiAfc + partof (Hi). 

A question may be raised as to this discussion: The difference n' — n" is 
constant, but n' , n" , may vary. Let f be a line separating regions in the y 
plane with different values of these integers, so that along f some of the points 
B'i of one type, coincide with as many, B'l , of the other. Is the M2 locus of 
the lines AiB'i, AiB", when y describes f , part of the boundary of if 3? We 
may deform f , without making it cross the critical points, so as to reduce it 
to a sum of the loops bbk ■ This amounts to deforming the given cycle into 
one for which the M2 here considered is reduced to a sum of the manifolds Ak , 
which still leads to a relation such as (6). 

To return to our problem, in the particular case where T = ( C ) , the mode 
of derivation of the iv)'s shows at once that the coefficients Xk in (6) are the 
characteristic integers of the curve C . Now from the theorem of Poincare- 
Cauchy for functions of several variables it follows at once that the periods of 
an integral of the first kind relatively to homologous cycles are equal. But 
(3) extended over part of (Hi) gives zero, hence 

fl^^^dxdy = Z^kfl ^^^^P^d.dy = Z^kf\k(y)dy. 

The relation (5) means then that the period of (3) relatively to the alge- 
braic cycle ( C ) is zero, in accordance with Ch. I. Thus the conditions satisfied 
by the (A)'s express merely that integrals of the first kind have no iwriods 
relatively to the algebraic cycles. 

21. The converse of the property just obtained constitutes the 

Fundamental Theorem: A two-cycle T withotd i^riods of integrals of 
the first hind is algebraic. 

For if r satisfies (6), the corresponding period of (3) is 



o)k{y)dy, 



and since it vanishes there is an algebraic curve C such that to the variable 
part of CHy or to this part associated with some of the points Ai correspond 
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the characteristic integers X*; . Let nl be the fcth characteristic integer of Ai. 
There is a certain two-cycle F' = ^ nl A^ + part ot (Hb) ~ forming the 
boundary of the locus of Ai At a,s y describes its plane under the same condi- 
tions as above, and the (m*)'s are the characteristic integers of the normal 
functions corresponding to ^i . We may find integers t, such that F + 12 i,- F* 
~ F ~ X^A; Ckk + 'E.itifxDAk + part of (Hi,), the coefficients of the (A)'s 
at the right being now the characteristic integers of the total group CHy . 

We may assume C to be variable in a continuous system with no fixed base 
points at the ( ^ )'s for, if this is not so, we may replace F and C hy T + t{H) 
and C + tH , and with t sufficiently great the assumption will certainly be 
satisfied, especially since the ( ^ ) 's are after all arbitrary points of the surface. 
Let C be a curve of the same system as C and not going through the (^)'s. 
C and C have the same characteristic integers, hence 

(C) ~ E (^* + Z U 4) Afc + part of (Ht) . 

k i 

( C" ) — F is then ~ to a part of (Hi,) , and if, as it is proper to assume, Ht, 
is irreducible, ( C" ) — F ~ (tH) , which proves our theorem. 

22. Given two algebraic curves C , Z) of F2 , if C = D , then also ( C ) ~ (D) . 
For if E is such that C + E and D + E are total curves of the same continuous 
system the cycles {C + E) and (D + E) , reducible to each other by con- 
tinuous deformation, are homologous, whence at once ( C ) ~ (D) . 

I say that conversely if (C) ~ (D) , then also C = D . For we have then 

{{C-D) Hy) = {CHy) - (DHy) = [CHy]-[DHy] =0, 

and therefore C , D have the same order. 

The axes being arbitrary, we may assume that the curves do not go through 
the (^)'s. Then since (C) ~ (D) their characteristic integers are equal, 
and so are their normal functions Vh, h ^ p — q. We can add to C any curve 
of the same continuous system as tH , and take t so great that the complete 
continuous systems determined \>y C -\- tH and D -\- tH contain <x> linear 
systems. It may as well then be assumed that C, D already satisfy this 
condition. We may therefore choose a curve C = C not passing through 
the (/i)'s and for which the {vp-g+u)''& are the same as for D. As C and 
D have already the same normal functions of index t== f -- q, these functions 
will ail be the same for both. Since the orders are equal, C and D are total 
curves of the same linear system (Poincare), and therefore C" = Z) = C, as 
was to be proved. 

More generally the two relations YJ'i i^i) ~ , ^ti Ci = are equiva- 
lent. For by writing ti = t'l — t" , where t'i and t" are non-negative integers, 
they become 2] i; ( C, ) ~ X i'i i^i) > Z! t'i Ci = Y, t" Gi , and these rela- 
tions owing to the positive sign of all coefficients are obviously equivalent. 

Trans. Am. llath. Soc. 33. 
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Remark. Since (C H) 5^ 0, (C) is non-effective relatively to i7 if C is 
not a virtual curve. More generally, ( C ) is non-effective relatively to a 
curve belonging to a sufficiently general linear system. 

23. A zero divisor T for two cycles is algebraic (No. 21). Since it can be 
considered as the difference between two algebraic cycles (C) + T and ( C ) , 
the corresponding algebraic curve can be considered as the difference between 
two curves D and C . If XF ~ for some integer X > 1 , but not for X = 1 , 
then also X ( D — C ) = , this being untrue for X = 1 , so that P — C is a 
zero divisor for the curves. Conversely if Z* — C is a zero divisor for the 
curves, ( D ) — ( C ) is a zero divisor for the two-cycles. If then we introduce 
with Severi virtual curves, there exists a holoedric isomorphism between the 
operations + C applied to the curves and + ( C ) applied to the cycles. We 
recall that, as shown by Picard and Severi, there is a maximum p of the number 
of algebraically independent curves of V2 , and that Severi has denoted by a 
the order of the Abelian group formed by the zero divisors for algebraic curves, 
so that there are exactly a — 1 such divisors. According to what precedes, 
the number p is therefore equal to the number of distinct tivo-cycles ivithout yeriods 
of integrals of the first kind, and a is equal to.the torsion indices a\ , (T2 {equal ac- 
cording to Poincare). 

24. The case when the geometrical genus jjg = leads at once to an in- 
teresting result. For then any cycle is algebraic, hence R2 = p , 

Po = p§ = -R2 - P = . 

Thus ii pg = , po = , that is, if an algebraic surface is without double integrals 
of the first kind it is also without double integrals of the second kind. This has 
already been proved by Bagnera and de Franchis for irregular surfaces and 
for some regular surfaces,* and there is a remark by Poincare at the end of 
his memoire in the Annales de I'Ecole Normale which easily 
leads to the same result. 

25. Assume p^ > and consider pg independent integrals of the first kind 



F', 
We must have 



// 



'i'^^^'V'^lixdy {h = l,2,...,v,). 



1i=l Jb 



mk{y)dy = {h = 1,2, ■■■,p,), 



where w^t corresponds to o)k for (3). Are these relations distinct? If they 
were not there would have to exist constants Ch not all zero such that 



71=1 Jb 



o)hic{y)dy = {k = i,2, .■■,N), 



*Rendioonti del Circolo Matematico di Palermo, vol. 30 (1910), 
pp. 185-238. 
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and therefore an integral of the first kind 

without periods. // tve assume that this is imfossihle the ]p„ relations obtained 
are all distinct. 

26. We are thus led to inquire: Can a double integral of the first kind be 
tdthout i^eriodsf It is very likely that this question must be answered in 
the negative though we have succeeded in proving it only in some very special 
cases. For the present we merely wish to establish two relations which must 
exist in case the answer were affirmative. 

If (3) is without periods we must have (Picard), 



Qix, y, z) 



_ d / Aix,y, z)\ d f Bi2-,y,z) \ 
dx\ 4>{u)t\ ) dy\ ct>iu)F', ) 



f: 

where A , B are polynomials adjoint to V^ and is a polynomial in 

u = ax + by + cz, 

an arbitrary linear form in x ,y , z. In fact this result has been established by 
Picard solely foru^y, but the extension is at once obtained by a transforma- 
tion of coordinates. 

Let U , V denote the functions in parenthesis at the right and let us introduce 
with Picard the integral of total differentials 



J{-U+e)dy + Vdx; e = J' 



■■Qix,inz) 

f: ' ■ 



It has most of the properties of those with algebraic integrands since e is holo- 
morphic everywhere except in the vicinity of the planes y = bk, and there 
only fails to be so for certain determinations. We may reproduce almost 
verbatim a discussion of Severi's relating to integrals of total differentials of 
the second kind.* In particular we may subtract an integral y — Rdy + Sdx 
of total differentials with rational integrands i? , S , so as to suppress the curves 
of infinity other than y = bi and also the periods with respect to the linear 
cycles of V2 ■ We will then have 

Q ^ ^ m R^_L^cT/ '^^ d A{x,y,z) d Bjx, y, z ) 
r ;, ox dy ox r . oy r ^ 

where A , B are adjoint polynomials, and now the Abelian integral 

j (^^yAdy - Bdx) , 
*Mathematische Annalen, vol. 61 (1905), pp. 20-49. 
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when attached to any algebraic curve C of V2 , becomes one of the first kind 
for that curve. Its periods with respect to an invariant cycle in a plane 
section are zero. It follows that it possesses all the properties of an integral 
of total differentials which do not require the use of the conditions of integra- 
bility in their proof. In particular we have A = xE -\- Ai, B = yE -{- Bi, 
where Ai, Bi, E are polynomials of order m — 3. However, since the invari- 
ant periods are now zero we may take E, and therefore Ai and Bi, to be 
adjoint polynomials, which is certainly not the case for an integral of total 
differentials. Finally it may be shown that there exists an adjoint polynomial 
C {x, y , z) such that 

(7) AF'. + BF'y + CF: ^DF, A^ + B', + C, + D ^ Q. 

These are the relations which we wished to derive. We observe that 

and hence C = zE -}- Ci where Ci is adjoint of order ??i — 3 . 

By introducing homogeneous variables we may replace the necessary 
conditions for the existence of a double integral of the first kind without 
periods (7) by 

(8) af: + bf', + cf: + df: ^ , a:. + b', + c: + d:^q, 

where A , B , C , D are polynomials of order m — 3 . We verify at once by 
means of a projective transformation that aA + I3B + yC + eD = cuts 
out on the plane ax + jS?/ + 72 + 6i = an adjoint of order m — 3 to the 
section of F2 by the plane. Let us assume then that (0,0, 0,1) is a point 
on the double curve. The surfaces ^=B = C = Ogo through this point, 
hence it is a double point for AF',, + BF',j + CF'. = , and therefore for 
DF't = 0, which shows that D = also goes through the point. Hence 
A , B , C , D are adjoint polynomials of order m — 3 . 

27. In the whole discussion of this chapter it is possible to replace \H\ by 
any simple linear system \E\, 00 ^ at least, irreducible and such that when an 
E acquires a new singularity this consists in general in an ordinary double 
point. We simply take a generic pencil {£„} and replace everywhere y by u, 
the modifications being insignificant. 

By considering an adequate |-E| on a V2 with arbitrary singularities our 
results can be extended to it. Since po = R2 — p is an absolute invariant 
the cycles which are gained or lost by a birational transformation are all 
algebraic as we already had occasion to state. 

If \E\ is not general enough much, if not all, of the discussion is still valid. 
However, one may be led to neglect certain infinitesimal cycles and thus be 
led to the numbers [ p ] , [cr] instead of p , <t . 
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In fact all this holds whenever we deal with a rational or irrational pencil 
such that a certain point Ai may be uniquely determined on the generic curve 
of it. We can thus derive Seven's results as to the base for a surface which 
represents the pairs of points of two algebraic curves. The Abelian sums 
such as in § 1 lead at once to Hurwitz's equations for correspondences between 
the two curves. 

28. We have studied more especially the relations between the numbers 
p, a and certain cycles. The one to one correspondence between algebraic 
cycles and curves shows that to a minimum base for the cycles corresponds 
a minimum base for the curves and conversely. But the curves of a minimum 
base may well be virtual. It may be shown that from a base containing such 
curves we may always derive one composed exclusively of effective curves. 
There will be an effective minimum base composed of p + <t — 1 curves if 
p > 1 , and of a curves for p = 1 , and in both cases an ordinary effective base 
composed of p curves (Severi) . 

§ 3. Extension to any Va 

29. For the sake of simphcity let us take rf = 3 . Let then F {x,y ,z,t) = 
be the equation of an irreducible Vs , with ordinary singularities, of order m , 
irregularity |i?i = g and genus of the plane sections equal to i:) . We designate 
again by 1^1 the system of hyperplane sections, and will call Ai, A2, ■ ■ ■ , Am 
the fixed points of the curves Hy H^ . As before we shall have p integrals of 
the first kind attached to these curves of which p — q are 

where Ph is an adjoint polynomial of order m — ?> in x , y , t, and the q re- 
maining integrals Wp-g+i, Up-q+i, • • • , Wp are those of total differentials of the 
first kind of Vz (Castelnuovo-Enriques). 

Let C be an algebraic surface of Vz, Mi, M^, •■• , If „ the variable points 
of the group CHy H^ or these points associated with some of the (^ )'s. We 
have 

?)p_g+,- =i3y (/» = 1,2, •••,p-g; i = 1,2, •••,g). 

In these expressions the {hk)'s are the critical values of y for the pencil {HyH^} 
of H^ and the (/3)'s are constants. Let us consider an arbitrary double 
integral of the first kind of H, of the type ff il/F'i)Q(x , y , z, t)dxdy, 
where Q is an adjoint polynomial of order m — 4:mx,y,t. It may be easily 
shown that any integral of the first kind of H^ is linearly dependent upon 
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those of this type. We must then have 

Z2^f= j <^k{y ,z)dy = Q, 22'hk (^kiy, z) ^ 0, 

the ( w)'s having always the same meaning. But besides these conditions the 
following must also be fulfilled: When z describes a closed path the set of 
(X)'s is in general returned to a different set composed of (X')'s, the 
differences Xs — X* forming the set of characteristic integers corresponding 
to the variations of the cycle ( CHz ) in the manner of No. 20. As this varia- 
tion is ~ , or, if we please, as CH^ is a uniquely determined curve on each 
Hz, the differences Xj; — Xj must form a set corresponding to a system of 
periods, and this must be true whatever the closed path described by z . 

Conversely, if all these conditions are fulfilled there exists an algebraic 
surface C corresponding to the functions Vh{y , z) . Indeed, for every z these 
functions determine in a unique way, that is, rationally in terms of z , a certain 
linear system of curves on H^ ■ By imposing an adequate behavior at the 
[AYs we may always determine in a unique manner in this linear system, 
a curve the locus of which will be a surface C . More explicitly, the curve in 
Hy will be the intersection of the surface F {x, y , z, t) = of the space 
{x, y, t) with other surfaces i{x,y ,t) = Q, where these various surfaces 
have no other curves in common. The (<l>)'s however may be taken to be 
polynomials with coefficients rational in 2 , whence the existence of the surface 
C follows immediately. 

30. Let Ci , d, be two algebraic surfaces of F3 . If ( Ci ) ~ ( C2 ) , mod. Vz, 
{CiHz) ~ {C2 Hz) mod. Hz , and therefore also mod. V3 . It follows that 

Ci Hz = Co Hz 

in Hz and consequently Ci and d are of the same order and have the same set 
of characteristic integers. 

We may find two surfaces D' , D" , belonging to a continuous system with 
CO * linear systems and such that Ci + D' and C^ + D" belong totally to the 
same linear system, Avhence at once Ci = C2, this relation having a sense 
similar to that given to it for a V^ . Thus if ( Ci ) ~ ( C2 ) , then also Ci = C^. 
The converse is obviously true. We can see then that the relations 

^U{Ci) ^Omod.Vz, T,ti{CiHz)'^Omod.Hz, J^UdHz^O, J^Ud^O, 

are all equivalent.* From the existence of minimum and ordinary bases 

* See a different proof of the equivalence of the relations Ci H, = Ci Hz and Ci = d given 
by Severi in the A 1 1 i del Reale Instituto Veneto, vol. 75 (1916), p. 11.38. He 
had already stated this proposition without proof at the end of his memoir of the A n n a 1 e s 
de I'Ecole Normale sup^rieure, loc. cit. — The question may be raised as to 
the sense to be assigned to the algebraic four-cycle ( C ) . We know (No. 20) the sense to be 
assigned to the cycle ( CH^ ) . The four-cycle in question is then to be considered as the locus 
of ( CHz ) properly sensed associated to the z-plane sensed in a definite manner. 
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for the cycles follows the existence of similar bases for the curves. The variety 
will have numbers p , cr and if p' , <j' are those of H , then p ^ p' , a ^ a' , 
whatever H may be. 

31. The periods of the double integral attached to H^ 

(9) JJ P(.,,,.,0 ,,,^^ 

where P is the adjoint polynomial, are of the form 

(10) 



SX/fc ^k{y, z)chj. 

*=1 Jt 



Let z = c be a value b for which two of the upper hmits, say bi and &2 , coincide. 
The author has shown (Paris Comptes Rend us, loc. cit.) that when 
2 turns around c, (10) is increased by a multiple of the period 



I Qi{y,z)dy- | Q^ (ij , z) chj ; ft 



'l ii2 • 

This will be true whether (10) is a period or not. If we develop in series of 
powers of Y~^ the differential coefficient of 



// 



^^""'y'^'^^-clxdy 



iy- Y)F\ 
and apply this to each term of the series we find that the period 



2^^'! 



increases by a multiple of 



dy 



.A y - Y Jl. y - Y 



y - t J>. y 

In particular, for \y\ great enough, Vhiy) {h = p ~ g) is increased by a 
multiple of 

j^r-u^Y,z)^Y-^-.r'^^^-^.dY. 

2TnJ, Y-y 2m,h Y-y 

I say that this and the similar expressions are not submultiples of the periods 
of Uh. For it vanishes for 2 = c and if it were a submultiple of the periods 
the (it)'s would lose a period and Hy H^ would lose a linear cycle for 2 = c , 
y arbitrary, which is certainly not the case if {H^} is generic in \H\. 

It follows at once that the zero divisors for the curves of Hz are invariant. 
For otherwise a multiple of the increments of some set of {v)'a when 2 turns 
around c would form a period, hence this would be true for all sets of (z))'s in 
direct contradiction to what has just been found. 
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Thus the zero divisors for the curves of H^ are also zero divisors of Vs, 
whence tr = cr' , and therefore finally a = a' , that is, Vs and its hyperplane 
sections have equal invariants cr . As they have equal invariants ai , it follows 
that (T = (Ti . Here we cannot affirm any more that cr = 0-2 . This is due to 
the possible existence in Hz of two-cycles not zero divisors for it but zero 
divisors for Vz . 

32. We pass to the proof of a theorem specially important in the determina- 
tion of p , (T , for the surfaces in Vz . 

Let Ci, Ci, ■ • ■ , c^he the critical values of 2 for {Hz}. For each of these 
two of the (&)'s and no more coincide. Let us make the pencil vary con- 
tinuously in a net S containing it. The (C)'s will be displaced on an irre- 
ducible curve D if as Ave shall assume S is arbitrary in | ^ | , for when Vs as- 
sumed in an Si is transformed by reciprocal polars, D is changed into a plane 
section of the transformed variety. 

To every point Cj corresponds a well-defined two-cycle Tj of H^ which 
becomes zero for 2 = cy and such that when 2 turns around c, any other cycle 
is increased by a multiple of it. I say that if one of these cycles is algebraic so 
ore the others. For {H^} may be made to vary within S so as to permute Cj 
with Ck , thus bringing Tj assumed within an Hz very near He. into r^ within 
an Hz very near Hc^ . Noticing that the two extreme surfaces have the same 
geometric genus, we infer from the theorem of No. 21 that if Tj is algebraic 
at the beginning of the deformation it will also be so at the end, that is Ft is 
then also algebraic, which proves our statement. 

Suppose first that no Tk is algebraic. Then any algebraic cycle A of Hz 
must be invariant. For if, when 2 turns around Cj, A is returned to a cycle 
A' of i?z , A — A' must be algebraic and as A — A' ~ iJ.Tk , ^Tk must also be 
algebraic. Now if integrals of the first kind have no period relatively to 
fxTk , they have none relatively to Tk , and Tk is also algebraic. We have then 
a contradiction unless /x = , A ~ A' , which shows that A is invariant. It 
follows that under our assumptions the complete systems of curves on Hz 
are invariant. If we take then p' independent continuous systems we may, 
as shown in No. 30, determine p' surfaces of Vz whose intersections with Hz 
are independent curves of the surface. These p' surfaces will be themselves 
independent, hence p ^ p' and therefore since p = p' , finally p = p . 

Suppose now that the {T)'s are all algebraic. What happens then is an im- 
mediate corollary of the following proposition, whose proof we shall do no 
more than outline here*: Any two-cycle of Hz is dependent upon the iT)'s and 
the invariant cycles. — The R2 invariant cycles are distinct mod. Vz, hence 
whatever A, two-cycle of Hz, there is an integer X such that XA is homologous 
to an invariant cycle mod. Vz, that is A' ~XA— invariant cycle ~ 0, mod. Vz. 

* A topological proof will be found in the Borel Series monograph. 
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Now generalizing a discussion of Picard's (see Picard et Simart, T r a i t e , vol. 
2, p. 388), pertaining to the periods of certain integrals, and with a ready 
passage from periods to cycles, which shall be omitted here, it is found that 
the number of (r)'s distinct mod. H^, (they all bound on F3), is precisely 
equal to the maximum number of cycles distinct mod. Ih, but bounding on 
F3. Hence A' depends upon the {VYs, from which our assertion follows. 

The apphcation to our problem is immediate: // tlie {T)'s are all algebraic, 
any two-cycle of Hz depends upon the invariant and the algebraic cycles. 

A proposition of my Annali di matematica paper taken together 
with a result estabhshed in a note of the Rendiconti dei Linceiof 
1917 leads to this proposition: The number po = pi of Vs is equal to the 
number of non-algebraic two-cycles, or which is the same, to the number of in- 
variant non-algebraic cycles, of H^. We also know from Picard's work 
that the same number for H^, which we shall denote by p'o, is equal to its 
total number of non-algebraic cycles. Hence if p'o > po, H^ possesses some 
non-invariant non-algebraic cycles, none of the (TkYs are algebraic and 
p = p' . We may therefore state : 

Theorem. If the number of proper integrals of the second hind of a generic hy- 
perplane section exceeds that of Vz , they have equal numbers p . 

33. Thus for H we have a' = a , and if p'o > po also p' = p ■ In these 
conditions the trace on an arbitrary H of an ordinary base for the surfaces of 
Vs forms a base for the curves of H . Let us show that if the first is a minimum 
base so is the second, this being true even if only effective surfaces or curves 
are considered. 

Indeed let Ci , C2 , • • • , C,. be the surfaces of a minimum base and 7 an 
arbitrary curve of a generic H^ . As we have seen, the complete continuous 
systems of curves of H^ are all invariant. Hence the complete continuous 
system {y -[■ kH-H^] (fc a sufficiently large integer) is invariant and con- 
tains C0 1 linear systems. One of these systems will be determined by the 
(i3)'s, (jSfc = v-p-q+jc) , and a curve 7' of it may be defined rationally on H^ 
by means of an adequate behavior at the points Ai, for example. The locus 
of 7' is an algebraic surface C going, say, I times through the curve at infinity 
of H^, and we have relations such as these: C = "2 'Xi Ci, H = '2 fXi d, 
(on F3); CH, = S'Xi CiH,, HH, = S m. Ci H,, (on H^). Hence on H,, 
7 = CH^ - {l-\- k)HH, = S [Xi - (/ + /OM" ] CiH^, as was to be proved. 

34. The preceding propositions remain true if we replace \H\ by \E\, <x>^ 
at least, irreducible, simple, without base points, with irreducible characteristic 
■curve E^, such that if the surface Eq of the system acquires singularities other 
than those of the generic E, they consist in general in one isolated double 
point, and that finally the system of the surfaces Eo is irreducible. If | -E | has 
a base group but still irreducible variable intersection, we have the following: 
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Let Di, D2, • • • , Dk he the finite or infinitesimal curves of the base group 
forming base for all the surfaces of the group which are not traces of the 
surfaces of Vz, D'l, D'^, • • ■ , Dl , those forming minimum base in the same 
conditions. Then if p'j, > pq we have p' = p + k, a' = a + k' — k. More- 
over, the trace of an ordinary (minimum) base of Vs added to the (I')'s 
(to the (Z)')'s) forms an ordinary (minimum) base for E . 

35. The extension to a Vd, d > 3 , is immediate. Since Vd and its hyper- 
plane sections have the same two-cycles the restriction p'o > po in the theorems 
just proved is now superfluous. We still have a = ai. 

The case where the two-cycles of Vd are all algebraic is especially note- 
worthy. H need then not be generic in its system but only without new 
singularities. For, let Ho be a special //, but with the same singularities as 
the generic H , Ci , C2 , • • • , Cy a minimum base for Vd ■ The two-cycles 
( Ci H'^~^ ) form a minimum base for the two-cycles of H , and as Ho and H 
are homeomorphic the limiting positions ( d H''~^ Ho ) of these cycles form a 
minimum base for the two-cycles of Ho . 

Let now y be any hypersurface of Ho ■ We have mod. Ho 

( yH^-' ) ^Y.\,{CiH'i-'Ho) ( X i integer) . 

But the equivalence between the relations C = D, {CH'^~^) ~ {DH''~^), 
proved for cZ = 2 , 3 , can easily be shown to hold for any d . Applying it to 
Ho we obtain y = S Xj Cji/o, and therefore the trace of a minimum base 
of Vd on Ho is a minimum base for Ho ■ Clearly the minimum base could 
everywhere be replaced by an ordinary one. It follows that Ho has the same 
numbers p , o- as Vd- 

If Ho had special singularities of less than d — 2 dimensions we could only 
affirm that its numbers [ p ] , [a] are equal to p , a respectively. Similar 
considerations lead to this result: Let \E\ be a linear system analogous to 
that of the same name described in No. 34 for a F3 and without base group. 
If the invariant p'i~^ of the generic E is greater than that of Vd , their invariants 
Pd-i are equal. Their numbers dd-n, pd~i, i = 2 are equal without this 
restriction. 

36. Returning to a F3 , we may remark that there is a case where the con- 
dition Po > Po is certainly verified, — it is when F3 possesses a triple integral 
of the first kind 

(11) fir-^^^^K^'^'^'^ 

with periods not all zero. Indeed its periods relatively to cycles within H^ 
are all zero, as follows from the discussion at the end of the first chapter. 
Hence there must be periods relatively to finite cycles or special cycles such 
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as described in proposition (6) of No. 2. This in turn requires that the 
double integral of the first kind attached to H^. , 

(12) J JQOW^) ^^^y 

be not without periods. But the periods of (12) relatively to algebraic cycles 
are zero, and those relatively to invariant cycles are rational in z , finite every- 
where, infinitesimal for z infinite, and therefore also zero. Hence the cycles 
Vk of No. 32 are not algebraic and p' = p for \H\ or for any linear system 
without base group such as \E\, already described. This may also be shown 
by remarking that (12) is not improper of the second kind and since it is 
without invariant periods it cannot be derived from an integral of the second 
kind of Fs, consequently p'„ > po- 

Let us now take a Vd and call T a d-cyc\e relatively to which one of its rf-uple 
integrals of the first kind has a non-zero period. F may be the sum of 
two cycles, the first V being contained in H and the second T" of the special 
type described in proposition (b), No. 2. If the period relatively to T" is not 
zero the reasoning just used for V^ applies here and we shall find that H 
possesses il {d — 1 )-uple integral of the first kind with at least one non-zero 
period. On the other hand if the period relatively to T' is not zero we may by 
reasoning as in No. 15, Chapter 1, show that there is a (fZ — 2)-uple integral 
of the first kind of H^ having at least one non-zero period. Continuing this 
Ave shall come either to an H''~^ or to an //'^"^ with integrals of the first kind of 
multiplicity d — 3 or d — 2 having at least one non-zero period. In the first 
case it folloAvs at once that H''~^ has the same number p as H''~' and therefore 
as Vd , its bases being the traces of those of Vd ■ In the second case the reason- 
ing applied for Vg holds as between H''~^ and H''~'^ , leading to the identical 
conclusion. 

As an application, a generic V^ , complete intersection of d — 2 hypersurfaces 
in a Vd , each generic in an adequate linear system, has for bases the traces of 
those of Vd, provided there is a (i-uple integral of the first kind of Vd with 
periods not all zero. 

The most interesting case is that of an Abelian variety of genus p and rank 
one, for if tii , u^, ■ ■ ■ , Up are the variables occurring in its parametric repre- 
sentation SS ' ■ \f dui dui • • • dup is an integral of the first kind Avith at 
least one non-zero period. 

37. For a Vd, d> 2, contrary to what happens for an algebraic surface, 
the number of two-cycles without periods for the integrals of the first kind is 
only a maximum of p . At all events we have succeeded in proving that these 
two numbers are equal only for Abelian varieties, as we shall see in the second 
part, and for a certain type of V3, which may be defined thus: let Pa, Pg be 
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respectively the arithmetic and geometric genus of a F3 . If Pg — Pa + q = , 
all the tu'o-cycles are algebraic, and therefore p reaches its maximum. Indeed as 
shown by Severi, in this case the system adjoint to | i/ 1 cuts out the complete 
canonical system on H . Hence every double integral of the first kind of 
Hz is a linear combination of those of type SS i^/F't)Qix, y,z, t)dxdy, 
where Q is adjoint of order m — 4, whose periods relatively to invariant 
cycles all vanish. It follows then that all these cycles are algebraic cycles of 
Hz and, being invariant, they are also algebraic cycles of Vz ■ In this case 
Po = i?2 — p = , hence p = R^. 

§ 4. Some applications 

38. Complete intersections. Let V2 be a non-singular algebraic surface, 
complete intersection of (r — 2) varieties in an Sr. I say that V2 has no 
double integrals of the first kind without periods. For let F {x , y , z) = Q 
be the equation of its projection V'^ in an S3 • It is sufficient to show that 
there can be no relation AF'., + BF'^ + CF', = - DF , where A, B, C are 
adjoint of order m — 2 . For according to this relation the N contacts of the 
planes y = Ct, tangent to F'2, must be on 5 = 0. Now if \K\ designates 
the canonical system and | H \ the complete system of the plane sections, the 
adjoint surfaces of order m — 2 cut out on V'2 the system 1 7^ + 2/7 1 . They 
intersect the first polar of an arbitrary point of S3 in a number of points 
exterior to the double curve, at most equal to* 

[{K + 2H){K + ?,H)] = [K'']^h[KH] + &{m], 

and hence it is only necessary to prove that this number is < iV . Let mi , m^ , 
• • • , mr-2 , be the orders of the varieties of Sr of which F2 is the intersection. 
Then m = mi m^ • • • m^-a , and the adjoint system is cut out on V2 by the 
varieties of order ?i = Sm, — r — 1; therefore [IP] = mn^ , [KH] = mn, 
[ 77^ ] = m . Hence the number considered above is equal to mn^ + 5mn +6m . 
To find the value of N we observe that in Sr the hyperplanes of a Knear net 
which are tangent to V2 touch the surface at the points where it is intersected 
by a variety of order n -\- Z , hence N = m{n + 3y> mn^ + 5mn + 6m, 
which proves our assertion. 

This still applies when all the (m)'s are equal to unity except for one which 
is > 3 , that is, when we deal with a non-singular algebraic surface of order 
> 3 in ordinary space. 

39. Now a non-singular Fr-i in S^ , r > 3 , has for minimum base the trace 
of a minimum base of Sr , that is, a hyperplane section. Its index 7^2 = 1 as 
it is for Sr and its two-cycles are all algebraic. Its complete systems of hyper- 

* It is in general less than this number by a certain multiple of the number of pinch points 
owing to the peculiar behavior of the first polars at these points. 
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surfaces are all linear. Here then, equivalence a la Severi between two hy- 
persurfaces implies that they are contained in the same linear system, and as 
they are all multiples of a hyperplane section, Vr-i contains only hyperstirfaces 
which are complete intersections. The same reasoning holds for its intersection 
with another non-singular Vr-i of Sr , provided that this intersection is non- 
singular and also that r > 4, and so on. We thus see that a non-singular 
Vd, d> 2 , complete intersection in an Sr, contains only hypersurfaces that are 
themselves complete intersections. 

Let now d = 2. Any V3 , complete intersection and non-singular, passing 
through F2 , possesses no proper double integrals of the second kind since its 
Ri = p , whereas V2 certainly possesses such an integral if its order is > 1 and 
no space of less than four dimensions can be passed through it, or, as this is 
usually stated, if it is normal in an Sr, r > 3 . Hence a non-singular Vi , 
complete intersection and normal in an Sr , r > 3 , contains in general only turves 
which are complete intersections. This is true also for a non-singular surface 
of order > 3 in ordinary space.* For ordinary space this theorem has been 
stated and proved many years ago by Noether, but his proof based on enumera- 
tion of constants has long been considered unsatisfactory. The above is 
believed to be the first complete proof ever given of this important proposition. 

As shown previously, even limiting ourselves to ordinary space, we can go 
farther. Let \E\ be a linear system, simple, irreducible, 00 ^ at least, with a 
base group composed of k curves independent on E and such that no point is 
multiple for any E through it. The generic E contains no other curves than 
those cut out by surfaces passing through curves of the base group, and for it 
p = h -\- 1 , cr = l. 

40. The part of our results relating to a Fr-i in Sr , r > 3 , has already been 
obtained by Severi. The cubic variety in St , (Segre variety), has been treated 
at length by G. Fano. It furnishes a very interesting illustration. Indeed 
it may be verified that when there are less than six double points the variety 
belongs to a linear system, 00 'i at least, and with the properties described more 
than once, hence it contains only complete intersections. For the hyperplane 
sections whose geometric genus is zero, p = 7. Intersections with hyper- 
surfaces of order > 2 contain in general only complete intersections. 

41. Double plane. Let z^ =f{x,y) be the equation of a double plane. 
One may always transform it birationally so that the branch curve be of even 
order 2m, without multiple components and with multiple points all of even 
order and with distinct tangents. Any double integral of the first kind is of 

* During the final preparation of this memoir the author's attention was attracted by an 
incomplete proof of these theorems due to G. Fano, (Torino Atti, vol. 44 (1909), pp. 
416-430) which has some points in common with the one given here. Fano admits that a double 
integral of the first kind cannot be without periods, and this can scarcely be considered as 
axiomatic. 
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the form f f \j{,x,y)Y^(l{x,y,t') dxdy , where Q is a polynomial of order 
m — 3 and has an {i — 1 )-uple point at a 2i-uple point of f{x, y) , (En- 
riques). If the periods are zero one may show that equations (8) now become 
A, + B'y + C\^q{x,y,t), Af: + Bf; + Cfl ^ 0, where ^ , 5, C are of 
order m — 1 and behave like Q at the multiple points of / . Here again the 
points of intersection, other than the multiple points of / = , of the curves 
/.I = , /y = , must be on C = . Hence C = and f,., = have in common 
at least 

(2m - ly - X)(2i - 1)' + E (2i -!)(*- 1) 

= i2m- 1) -Y,ii2i- 1) 

points, the summation being extended to all the multiple points. To show 
that our double integral cannot be deprived of periods it is sufficient to show 
that this number exceeds (in — 1 ) ( 2m — 1 ) , which, since /l- = may be 
assumed irreducible, will lead to an impossibility. But the inequality to be 
proved reduces at once to m{2m — 1) > 'Zi{2i — 1) which is actually veri- 
fied, for it may be obtained by expressing that the number of isolated double 
points equivalent to the multiple points of / ( a: , y) does not exceed its value 
m ( 2m — 1 ) when / is a product of 2m linear factors. Thus a double plane 
has no double integral of the first kind icithout periods. 

42. When does a double plane belong to a linear system with the properties 
described in No. 34? I say that this will certainly occur if / ( x ,y) is divisible 
by a factor <fi{x, y) such that the curve <^ ( ,t , 2/ ) = be generic in a linear 
system | 7 1 , co ^ at least, not composed with the curves of a pencil, and such 
that there is no point not a base point multiple for any 7 through it. For let 
/ = (?!)■'/', and 4> + k^i = the equation of a generic pencil of | 7 1 . First 
we verify that the variable curve of intersection of the two surfaces z^ = 4)\p , 
z^ = ( + A'0i ) 1^ , is irreducible. Indeed if it were not the two surfaces would 
have the same tangent planes at the points 2 = = 0i = which are not 
base points for | 7 1 , and the curves = 0i = would be tangent at those 
points, which is not the case. Next the multiple points of the double plane 
are the multiple points of / = 0, and a fixed (2m — 2)-uple base point at 
infinity, hence there is no point other than a base point multiple for all the 
double planes having for branch curve \p = associated with a curve 7, and 
we can apply our general theorems to them. 

43. To find the minimum base we must first determine whether the com- 
ponents of the branch curve are independent curves of the double plane. 
Let/ = 4>i -(h ' ' ■ 4'h, where the {4>ys are irreducible polynomials prime to 
each other, and let Cj be the curve 0i = of the double plane. Denoting 
by \H\, [Hy] the same elements as usual, we consider m — 1 independent 
integrals of the first kind u\, iifi, • • • , Um-i of Hy and observe that since in 
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the case here considered the double plane is regular (Castelnuovo-Enriques), 
a relation S ti Cj = would necessarily lead to another 



«,)■ •■'(x,») 



Mi, 

dUs = (S = 1, 2, ■••, TO - 1), 



where the points Mij are the points of the group CiHy, and the lower limit 
of integration is arbitrary on Hy . Now Hy is hyperelliptic of genus m — 1 , 
and, as far as the integi-als at the left are concerned, one may be made zero, 
while their sum vanishes. We also know that by combining them linearly 
with suitable integral coefficients we obtain 2??i — 2 independent periods of iig . 
Hence the only relation of the type considered corresponds to 

ti = ti = ■ • ■ = th = t , 

and as we have tl, d = tH 9^ Q , the (C)'s are actually independent. 

We conclude from this that if p„ > and one of the (C)'s is variable in a 
suitable linear system, the minimum base is composed of: {a) The vicinity of 
the singular point at infinity on the z axis which counts for h curves. (6) The 
vicinities of the multiple points of the branch curve which will count for, say, 
h curves. The value of k will depend upon the nature of the singular points, 
etc. In the simplest case where the curve has only ordinary double points I' 
will be equal to their number. 

(c) The h components of the branch curve. We have therefore p = 2/; + /.■ , 
a = 1 , [ p ] = h. Every curve of the double plane is cut out by a surface 
which goes through several of the (C)'s and through no other curve of the 
double plane. 

As to po , it may be computed thus : If iV is the class of the branch curve, 
d the equivalence in double points of its multiple points we find by means of 
{Hy},[B:i]=^ N -Qm-^b + d. Therefore 

Po = [-R2] -[p] + l = N -Qm + Q + d-h. 

This discussion can be applied to derive some of Picard's results for double 
planes as well as some due to Enriques for surfaces of linear genus pi = I ■ 
Let us take for example the surface z^ = a{y)x^ -\- h{y)x^ -\r c{y)x -\r d{y) , 
where a, b , c , d, are polynomials, a surface considered by Picard.* If these 
polynomials are arbitrary and prime to each other the double plane contains 
only complete intersections and this relation cannot be satisfied by substituting 
for z and x rational functions of y . 

Enriques showed that the surfaces named after him are reducible to double 
planes, the determination of their minimum base as he gave it is then im- 
mediate.! These double planes contain also only complete intersections. 

* Picard-Simart, Traite des fonctions alg6briques de deux variables, vol. 2, p. 268. 
tRendiconti dei Lincei, ser. 2, vol. 23 (1914), pp. 291-297. 
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§ 5. Varieties representing the groups of points of other varieties 

44. We insert here a short discussion of these varieties that will be found 
useful in some applications. They present also the added interest that we 
can form very readily varieties of this type having quite arbitrary torsion 
indices. 

Let then V^ , V^, • • • , F" be algebraic varieties with ordinary singularities, 
di the dimensionality of F*, Fd a variety representing without exception the 
groups of n points of which each is on a F', so that d = 'Z di. 

By generalizing somewhat the reasoning at the beginning of this paper, it 
may be shown that all the i-cycles are sums of those obtained by associating 
an ii-cycle of F^ , an i2-cycle of F^ , • • • ( % + 4 + • • • = i) in the same 
manner as FS F^, • • • . Let then R] , Ri and a'l, <Ji be the ith indices of 
connectivity and torsion of V^ and Va respectively. We shall have Ri = 
S -Bij -Rfj • • • -Ri„, the summation being extended to all the partitions of the 
(i)'s such that i = ii -{■ ii + ■ ■ • + in, ih = 2dh, and with the convention 
that ma, = Ro= 1. 

As to the ((t)'s suffice to state that ai = a\ af • • • o-J'. Now Godeaux has 
shown that there are algebraic surfaces whose invariant c = <ti is any odd 
prime, and an example of c = 2 has been given by Severi. This shows that 
there are algebraic varieties for which a has any value whatever. We shall 
have occasion to consider in the second part Abelian varieties of rank > 1 
whose invariant a is arbitrarily assigned and in fact equal to the rank. Suitable 
surfaces contained in these varieties will have the same value of a , i.e., equal 
to an arbitrary integer. 

Remark. All the varieties so far known, including those to be constructed 
in the second part, for which cr > 1 , represent involutions on varieties whose 
(T = 1 . The question presents itself — are there any others ? For the present 
it must remain unanswered. 

45. Let us now pass to the determination of p . Assume first n = 2 . 
Vd contains a continuous system oo'^i. Si, of varieties identical with V^ and 
another co''^, S2, of varieties identical with F^. A hypersurface of Va repre- 
senting the pairs of points of F^ and a hypersurface of F^ will be called funda- 
mental for F^. Similarly there will be hypersurfaces fundamental for F^. 
The hypersurfaces fundamental for V i possess an ordinary (minimum) base 
composed of pi, (pi + cr, — 1 ) , hypersurfaces. Assume that Ei is funda- 
mental for F*. Then certainly there can be no relation E\ = Ei since the 
homology (-Ei) ~ (-E2) is not verified. Hence the hypersurfaces of the two 
fundamental sets are not related. 

To find the number of hypersurfaces independent of those of the funda- 
mental sets, I say that if di > 3 , F^ may be replaced by a Vdi~i having the 
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same Picard variety Wi as V^ . For let {C^} be an arbitrary linear pencil 
of hypersurfaces fundamental for Vi. li A , B are two hypersurfaces such 
that AC,, = BCu, on any C^, then A — B is fundamental for V^ . This can 
be shown in a manner very similar to that used to prove the analogous theorem 
for any Vs and the pencil {H^}. If {C^} were generic in a suitable linear 
system we would have A = B , but here we may only conclude that A — B 
is a multiple of C^ . It follows then that as far as we are concerned V^ may 
be replaced by C^ whose Picard variety will be PFi , if (^i > 3 . 

We propose to show next that just as in the case di = d^ = 1 already in- 
vestigated by Severi,* the number of hypersurfaces independent of those of 
the two fundamental sets is equal to Scorza's simultaneous index X12 of the 
Picard varieties Wi , W2 of Vi and F2 . This index will be defined in the second 
part (No. 47). We may then assume di ^ 2, dj = 2, di + c?2 > 2. One of 
the {d)'s, say rfi, will have the value tioo. 

Let A be an arbitrary hypersurface of Vd, {Ci\ a complete continuous 
system of curves of V^ containing co'i hnear systems, {qi irregularity of 
F* ) , CI the fundamental hypersurface determined by Cx . To the points 
C] A may correspond either all the points of F^ or only a Vd^-i of F^ . The 
first case may be rejected at once for then there corresponds to the points in 
question only a finite number of points on Ci, and to A only a curve on F^; 
hence A is fundamental. In the second case, to which we may limit ourselves 
then, there corresponds to C{ A a certain algebraic curve C2 on F^ if (^ = 2 , 
or a group of points if ^2 = 1 . But Ci determines a point of Wi and 0% one 
of W2 , for by adding if necessary a suitably chosen fundamental hypersurface 
to ^ , we may arrange matters so that C2 belongs to a continuous system con- 
taining 00*2 linear systems. We have here an algebraic correspondence be- 
tween the points of W\ and W^ and the theory of Hurwitz-Severi may be 
extended at once, leading to the announced result. The extension to ?i > 2 
is immediate. It is sufficient to consider Va as corresponding to the group of 
two points one of which is on F^ and the other on the Va-di, obtained by 
associating F^ • • • , F". We shall have finally p = S p<*) + S X^, where 
p'*' is the number p of F' and X^ the simultaneous index of the Picard varieties 
of F^ and F* . 



*Torino Memorie, ser. 2, vol. 54 (1903), pp. 1-49. 

Trans. Am. Math. Soc. 24 
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PART II 
ABELIAN VARIETIES 

Chapter I. General Properties 

§ 1. A summary of certain fundamental theorems and definitions 

46. An Abelian variety of genus p ,Vp,'is a, variety whose non-homogeneous 
point coordinates are equal to 2p-ply periodic meromorphic functions of p 
arguments Ui, u^, ■ • • , Up, or whose homogeneous point coordinates are 
proportional to theta's of the same order and continuous characteristic. The 
variety is algebraic (Weierstrass) and of dimensionality p . When the periods 
are those of a set of independent integrals of the first kind of a curve of genus 
p, Fp is called a Jacobi variety. 

An array with p rows and 2p columns 

^ = llwyJI (i = 1,2, ■.•,p; M = l,2, •••,2p) 

is the period matrix of a Vp provided that: 

(a) There exists an alternate bilinear form with rational coefficients 

2p 

IJ., l' = l 

vanishing identically when the (.t)'s and the {y)'s are replaced by the ele- 
ments of any two rows of U, . 

(b) If we set J,. + iij^ = S(y) X^- coj^, then, for all non-zero values of the 
(X)'s, S c^^ ?;.'?,/> 0. According to Scorza (b) is equivalent to this: Denot- 
ing by i the conjugate of any number x , the Hermitian form in the (X)'s, 

(2) Zu Ajk Xj Xk , Ajk = — K'-z^ Ci,y ccji^ o)ku , 

must be definite positive. When these conditions are satisfied fi is called by 
the same author a Riemann matrix. 

47. We propose now to recall some concepts and definitions incipient in 
the works of various authors, but formally introduced and only fully devel- 
oped in recent writings of Scorza and also Rosati.* The nomenclature which 
we shall use is Scorza's. 

The alternate form (1) is called a Riemann form of fi. If the condition (b) 
is satisfied for that form, it is said to be a principal form of the matrix. There 

* See Scorza's memoir in the Rendiconti di Palermo, vol. 41 (1916), for nu- 
merous bibliographical indications. The very interesting method which dominates his and 
Rosati's investigations had been used previously without their being apparently aware of it 
by Cotty in his Paris thesis (1912) for the case p = 2 . Cotty attributes the idea to Humbert. 
We shall have opportunity to apply it on several occasions. 
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may be several independent forms alternate of U, , and if 1 + ^' is their number, 
k is called the index of singularity. If fc 5^ the matrix is said to be singular. 
There may be 1 + A bilinear forms with rational coefficients 

2p 

(o) 2^ c^„ X/t y„ 

vanishing identically when the ( a; ) 's and the {y)'s are replaced by the elements 
of any two rows of fl. The integer h is called the index of multiplication, 
and we have h '^k. 

Finally, given two Riemann matrices fi, Q,' , if there exist X bilinear forms 
with rational coefficients 

(4) T^c^rX^y, (m= 1,2, •••,2p; ^ = 1,2, •••,2p'; 

■p , p' genera of Q , Q' ) 

which vanish identically when the (a;)'s are replaced by the elements of a row 
of Q and the (?/)'s by those of a row of Q', X is called the index of sivndtaneity 
of the two matrices. 

The forms of types (1), (3), (4), generate moduli and admit bases. The 
corresponding numbers c are all equal to one. 

Two matrices fi, Q,' are isomorphic if we can pass from one to the other by 
a linear transformation with arbitrary coefficients applied to the rows and by 
a linear transformation with rational coefficients applied to the columns. If 
this last transformation is of determinant one and integral coefficients (unimodu- 
lar), fi, fl' are equivalent. In all cases the determinants of the two transforma- 
tions must not be zero. When two matrices are isomorphic, the most general 
Abelian varieties which correspond to them in the sense defined below, are 
in algebraic correspondence with each other. When the matrices are equiva- 
lent, their Abelian varieties can be transformed birationally into each other. 

A Riemann matrix il is said to be impure if it is isomorphic to one of type 

Oi, 

0, ^2 

where fli, ih, are Riemann matrices of genus p and the ciphers represent 
matrices with elements all zero. If fl is not impure, it is said to be ptire. 
When Q, is impure the field of Abelian functions which belongs to it contains 
functions of genus < p, (Poincare). Finally, in the same case, an Abelian 
variety belonging to fl represents the pairs of points, one of which is on an 
Abelian variety belonging to fii and the other on one belonging to ^ . 

The results at the end of the preceding part allow us to replace the determina- 
tion of the base invariants of an impure variety by that of the invariants of 
varieties of genus < p . We shall return to this point later. 

Remark. All the properties which we have recalled here are invariant in 
regard to isomorphism. 
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48. The matrix U, is equivalent to a matrix in the so-called canonical form 

— > , • • • an, ffli2 , • • • fflip 
ei 

1 

• • an , Ofii , • • • a^p 



A 



0, - 

62 



0, 



1 



ttpl, 



( ttjk — ttkj ) , 



where the integers e^ are the elementary divisors of (1), assumed now with in- 
tegral coefficients. The matrix has, a principal form 2^1 = i e^ ( x^, y^^^ — Xp+^ y^ ) 
derived from (1) up to an integral factor, and condition (6) gives now this: 
If ajTc = a'jk + io!jk , the quadratic form S a"jk Xj Xk must be definite positive, 
or, which is the same, S a'jk Xj Xk = 1 must be a real generalized ellipsoid. The 
arbitrariness of the (a")' a shows that in general the above alternate form is 
unique — that is, that for an arbitrary Riemann matrix k = 0. 

Let us indicate a certain property of the Hermitian form (2), interesting 
especially in some applications. Designate by C an arbitrary alternate 
Riemann form of Q, for example (1), then apply a transformation B of non- 
zero determinant defined by 



= i:k 



(m = 1,2, 



2p; j = 1,2, 



P)- 



To the matrix of the (w')'s will correspond an alternate form C" defined in 
the notation of Frobenius by C = B~^ CB~^ , where B is the transposed of B . 
Consider now the transformation D defined by the matrix 




whose determinant as we know is not zero. Applying finally to the ( w )'s the 
transformation D~^ , the form C will be replaced by a form C" of same genus 
g ^ p as C, that is, depending essentially upon the same number of hnearly 
distinct variables, (2g for the (a;)'s, 2g for the (?/)'s), as C. But owing to 
the relations S c^, wy^ cckv = 2 c^, Wj> m, = 0, we find that the matrix of the 
coeflBcients of C" is equal to the product of 2^^ by 

0, A 
A, 
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where A is the matrix | | Ajk \\{j , k = 1,2, • • • , 2^ ) . If we call genus of a 
Hermitian form the number of essentially distinct variables upon which it 
depends, we see that the genus of an alternate Riemann form of fl is equal to 
that of the corresponding Hermitian form. 

50. Rank of Ahelian Varieties. Let us transform fl into a canonical matrix 
and, using the same notations as in Krazer's Lehrbuch der Thetafunctionen, 
consider the equations 

(5) rxj = ei\;L]{u) u = 1,2,. ■■,s>p), 

where the (^)'s are linearly independent theta-f unctions of sufficiently high 
order k belonging to A . The ( x )'s are point coordinates of an Abelian variety 
belonging to ^ , or if we wish to fl . Let Vi, Vi, • • • , Dp be the variables corre- 
sponding to fi. To every system of values of the {v)'s corresponds one and 
only one of the (m)'s modulo the periods of A , and conversely to every system 
of values of the (m)'s corresponds one and only one of the (d)'s modulo the 
periods of fi . The relations Vh = S^^=i i^ wa^ (h = 1,2, • • • , p) , where the 
(f )'s are real variables such that = <^ < 1 , define for each system of values 
of the (m)'s, or the (?))'s, a unique point of an Sip of which the (,t)'s are con- 
sidered as non-homogeneous point coordinates. The point-set thus ob- 
tained fills up a generalized cube Uip, at least if we assume, as we may, 
that the axes of the (O's in Sip are rectangular. We shall make frequent 
use of this generalized cube. We could have defined it in terms of the (u)'s 
but for certain applications it is more advantageous to relate directly fi, 
and Uip . 

Now, to every point of Uip corresponds one and only one of Vp . How- 
ever, it may be that to any point of Vp there correspond more than one of Uip . 
Let r be the number of these points. It has been called by Enriques and 
Severi the rank of Vp . 

Let us show that the most general Abelian variety belonging to Vp is of rank one. 
If Vp is such a variety it will be possible to express every periodic function 
belonging to fi as a rational function of the (dkYs. Assume this condition 
fulfilled and let (u), {u') be two points of Uip which correspond to the same 
point of Vp . We shall have 

eliu) ei{u) ei{u) 



{u') ei{u') ei{u') 



But the periodic functions are in fact rational in the ratios of {dj^'s,, hence 
they take the same values at (tt ) and {u'). This will be the case in particu- 
lar for the ratios of the functions 6k {u — e), since they are periodic. It follows 
that the above system will still be satisfied when the (zi)'s and the (m')'s are 
replaced by the quantities Ui — et, u' — e» respectively, the (e)'s being any 
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constants. Hence, if we replace Ui by Ui + dui we must, in virtue of the 
functional relationship thus established, replace u't by u'i + dui . Otherwise 
stated 

du'i 



du'i = ~dui + —-^du-i + 
aui dUi 



+ ^dup = dui 



du'i 
duk 



0, i9^.k; 



du'i 
dUi 



= 1; u'i= Ui + Ui 



The ( w)'s form a system of constants which may be added to the {u)'s with- 
out changing the values of the ratios Oi[l] (u) / {dl[l] (u)} . They are there- 
fore simultaneous periods of these periodic functions, and the points (ti) , 
{u') coincide, which means that r = 1 . 

Thus to every Riemann matrix, corresponds a class of Abelian varieties of 
rank one and they are obviously birationally equivalent. 

51. Let us show that amongst the varieties of rank one, there exists alivays one 
without singularities situated in a suitable space and in point to point corre- 
spondence without exception with TJi,j,. 

Let us start again from the representation (5) where we shall assume the 
(^j;)'s such that any other 6 of the same order and characteristic is a linear 
combination of them. Two circumstances may prevent that Fp as represented 
by equations (5) satisfy the desired conditions. 

(o) All the (0i;)'s vanish for at least one point, {u) . 

(b) There exists at least one point, {u) , for which the hyperplanes of Ss-i 
represented by 



Xi 

el 
oe}, 

dui 



Xi 



= 



del 

dup 

have in common a space of more than p dimensions or, if we prefer, there 
exists at least one point, (u) , for which the array 



dui 



del 

dUp 

is of rank < p -\- 1. 

Let W be the manifold of C/gp , or, if we please, the algebraic sub-variety 
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of Vp for which either circumstance presents itself. The question is to show 
that for a suitable choice of the representation (5) there is no manifold of this 
nature. Let us remark first that among the functions 6nk [ I ] are found the 
(^ifc [(£ + ?)/»])" {a, b, integers). Hence if, whatever the representation (5), 
W contained points of type (a), the functions dkill + 'ioil] {u) , would all have 
a point in common. Since for n great enough there is a characteristic [ (i+JJ)^" ] 
differing as little as we please from any given one, by passing to the limit, 
we could conclude that the (^)'s of a given order all vanish at a point (mq) 
of Vp . This is equivalent to stating that for any dk , 

dki'u^i - ei, ul — 62, • • ■ , ul - Cp) = , 

whatever the (e)'s, or else dh = . 

Thus, when the characteristic is arbitrary, case (a) will certainly not present 
itself. 

Let us show now that case (b) may as well be avoided. Consider the 
representation 

TXi = eik{i]{u) (i = i,2, •••,s'), 

where s' is the dimension of the linear system of (^)'s of order nk and given 
characteristic and let W be the singular subvariety corresponding to it. For 
k great enough, the functions 6k{i% \{'u) will not all vanish at the same point. 
But the functions {dl[[lX'b')il] {u)Y are linear combinations of the {6nh)'?> of 
our representation. Let s be the dimension of the system of the (^fc)'s of 
given characteristic. We can choose s functions ^j; [[!+»)/«] (^0 not vanishing 
at a given point A olW . Let us form the matrix which defines W by taking 
for functions relatively to its s first columns, the ?ith powers of these s functions. 
One can then verify at once that A must belong to the W which corresponds to 
the representation by the ^j;[(a + 6)/k] {u) . But these subvarieties W are all 
the transformed of one and the same one by ordinary transformations of the 
first kind, transformations in as great a number as desired provided n is great 
enough.* When n exceeds a certain limit, they certainly do not have any 
common points, hence for the representation then obtained by means of the 
functions dnk{'i]{u) with arbitrary characteristic, neither case (a) nor case (6) 
will present itself, and the theorem is proved. 

The importance of this theorem is due to the fact that a number of proposi- 
tions on varieties of more than two dimensions are not applicable when the 
singularities are not ordinary. We may mention in particular many of 
Seven's results as well as the results of our first part. In the sequence, unless 
otherwise stated, in speaking of an Abelian variety, it will always be under- 

* A birational transformation of the first kind of Vp is defined by equations such as 
■"'j = Wj + const. (i = l,2, •••,p). 
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stood that we mean the variety of rank one without singularities in point to 
point correspondence without exception with U2p , and it is this variety which 
we shall designate by Vp . 

§ 2. Connectivity of varieties of rank one 

52. Let now Ui, n^, • • • , Up he the variables corresponding to fi and con- 
sider the generalized cube Uip as defined by the relations 

■Mi = X) i^/" WjV (* = 1, 2, •■•, p), 

H= 1 

where the ( O's describe the interval • • • 1 , end points included. Uip will have 
for 5-dimensional elements, the aggregates of points obtained Avhen 2p — s 
of the {t)'s are equal to zero or one and the others vary. Two elements com- 
posed of congruent points modulo the periods are homologous. Hence, a 
system of ( \'' ) s-dimensional elements not congruent to each other form a 
minimum base for all elements of the same dimensionality. Besides, every one 
of them represents a closed s-dimensional manifold, that is, an 5-cycle, and 
as these cycles are independent, we shall have a minimum base for s-cycles 
composed of independent cycles. Hence, for C/jp, and therefore for Vp, 
Rs = ( 'i' ) , 0-8 = 1. In particular, R>2 = p (22) — 1) , ai = a = 1 . As a 
verification for hyperelliptic surfaces, the values po = 5 , p = 1 , were given 
by Picard, and indeed, i?2 = 6 = po + p . 

53. We shall attack the same problem by a slightly different method, which 
will be found very useful below. 

Let us designate by 1 , 2 , • ■ ■ , 2p , the edges of Uip , abutting on the origin, 
and sense each of them in such manner that starting from the origin the 
direction of advancement be positive. The face (ju, v) will be sensed by 
sensing its periphery so that the edge (n) be a positive segment of it. We 
then have (ix, v) ~ — {v , ix) . From there we can pass to the sensing of a 
3-dimensional face (ix, v , tt) , etc. We are after all merely dealing here with 
Heegaard's "sensed corners".* 

To each combination of indices, ii, ii, ■ ■ ■ , is correspond two opposite s- 
dimensional elements. Let M^ be an analytical s-cycle. Its projection on 
( ii , ^2 , ■ ■ ■ ,is) is composed of that element counted several times. I say that 
if we project it each time on only one of the elements corresponding to the ijidices 
ii, ii, • • • , is, Ms is homologous to the sum of its projections. Let us cut up 
Ms, as we may, into a sum of elements homologous to a hypersphere, then 
project one of these. Ml , as well as its boundary Ms-i upon (ii, ii, ■ ■ ■ , is) . 
This will be done by passing a space S^ps through an arbitrary point A of Ml 

*Bulletinde la Societe Mathematique de France, vol. 44 
(1916), pp. 161-242. 
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and taking its intersection B with ( % , 4 > • • • , *s ) • An arbitrary line (straight 
or otherwise) joining A to B , will be called a projecting line of ^ . It is in no 
wise necessary that this projecting line be in the S^ps , but only that in some 
manner it should be uniquely and continuously defined for all points A . 

By continuous deformation we may reduce Ml to its projection M" pro- 
vided we replace it in Ms by this projection increased by the ^-dimensional 
manifold il7 generated by the projecting lines of M^-i- The manifold 
Ms -|- M's" — M" will form an s-cycle Ms, reducible by deformation to a 
point, hence the conclusion: If P is an <S2j,_s of the_S2p which contains C/gp, 
Poincare's character belonging to Ms and P will be (Mj P) = . By taking 
in particular for P a space normal to ('i] , ^2, ■ ■ • , is) it is seen that the pro- 
jection of Ms on ( ii , *2 , • ■ ■ , is) is composed of mutually opposite elements. 
Hence, finally, when Ml is replaced in Ms by M" — Ml" , the projections on 
the 5-dimensional elements of Uip are not changed. Proceeding similarly 
with all the s-dimensional elements such as Ml of which Ms is composed, we 
shall succeed in replacing finally this cycle by ( ii , 12 , • • • ,is) counted a certain 
number of times and an s-cycle whose projection on (ii , ii , ■ ■ • , is) has less 
than s dimensions while on any other 5-dimensional element, the projection 
is the same as for Ms . We may reason similarly with the part of this new 
cycle exterior to ( ii , 12 , ■ ■ ■ , is) relatively to an element upon which it has 
an s-dimensional projection and so on, so that finally Ms will have been re- 
placed by the sum of its projections. The theorem is therefore proved. 

Remark. The proof holds also when we consider the projections on elements 
derived from those such as (%, 12, • • • , is) by translation. 

The 5-cycles are equal to sums of multiples of the cycles {ii, ii, ■ ■ ■ , is) 
which therefore form a minimum base. To estabhsh the independence of the 
cycles of this base, it is sufficient to remark with Picard, that the integral 
SJ^- ■ f dti^ dti^ ■ ■ • dti^ has a period -|- 1 relatively to {ii, i^, ■ ■ ■ , is) and 
relatively to any other cycle. We have thus a system of ( ^f ) integrals with 
a period matrix relatively to the cycles in question of rank equal to the number 
of these periods. As these integrals have no periods relatively to the cycles 
homologous to zero, the (^f ) cycles thus obtained are independent and form 
a minimum base, hence again Rs = Cf), cts = 1 • 

54. The s-uple integrals of the first kind of Fp, as is well known for p = 2 
and easily proved for any p , are all linear combinations of the integrals 



I I • • • I duj^ duj^ • • • duj^ 



Their number is therefore ^s = ( ? ) • To say that there is a certain number of 
5-cycles with periods of integrals of the first kind all zero is therefore the same 
as to say that there are as many Hnear relations with integral coefficients 
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between the determinants of order s derived from the array 



[July 






<^7l>23) 



^i,> 2p > 



the coefficients being independent of the indices ji, ji, • • • , jip ■ 

In the case s = 2, the number of these independent relations is precisely 
the number 1 + A; of alternate Riemann forms belonging to Q . We have 
therefore for Vp according to Part 1, p ^ 1 + k . The consideration of inter- 
mediary functions will allow us to show that p ^ 1 + Jc. Assuming this re- 
sult, for the present, we have then p = I + k. In other words, every two-cycle 
of Vp without periods of integrals of the first kind, is algebraic. For p = 2, this 
has already been established by Bagnera and de Franchis. Thus, the theory 
of Part I leads us naturally to the consideration of the alternate Riemann 
forms of Q . 

55. Let us reduce fi to the canonical matrix A . In general, there will be 
no other relations between the periods of the unique p-uple integral of the 
first kind of Vp than the following: Let 



»a' J/3 I ' 



^30' 



{a,0 = 1,2, •••,s) 



WUl) 


Wl/ij, 


• ' '^'lA;,-. ' 


aiji , 


aih > • 


• , aiy. 


W2;ii, 


^ihi > 


• , <^2A„_. , 


«2il> 


02^2 , • 


• ) «2;. 


<>^phi, 


* * * > 


■ ■ > ^Ph„_, , 


^vJi > 


' * * J 


■ J ^py. 



be two minors of the determinant \ajh\ ij , h = 1 , 2 , • ■ ■ , p) , symmetrical 
relatively to the principal diagonal, then denote for the present by co,^ the 
term of the matrix A at the intersection of the ith row and juth column. To 
the first of our minors corresponds the following determinant of order p derived 
from A : 



D = 



where the (A)'s are integers in increasing order such that h, h, • • • , hps, 
jijjiy ■ ■ ■ > is ' form in some order the sequence, 1,2, • • • ,p. Similarly there 
corresponds to the other minor a determinant of order p , D' , derived from A 
by adjunction of certain columns of indices ki, k^, ■ • • , kp-, , at most equal to 
p. One verifies at once that ehi-Ch^- • •eh^_^-D = Ck^-ek^- • ■ekp_^-I>' ■ When 
A is as general as possible, every linear relation with integral coefficients 
existing between the determinants of order p derived from A reduces to a 
combination of those of that type which result immediately from the fact that 
{ajhl {j , h = 1 , 2 , • • • , p) is & symmetrical determinant. Their number is 
equal to half the number of non-symmetrical minors derived from the pre- 
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ceding determinant, that is to 

i5C-)[(:-)-]=K;o-- 

This is the number of p-cycles with zero periods for the p-uple integral of 
the first kind of Vp when the variety is as general as possible. 
Let us start from the relation 

(1 +iyp = 2^ip = x;(^?)i^ 

By considering separately the two cases where -p is even or odd, we find that 

I j _ 2P"i = Rp-2 — Rp-i + Rp-e, — ■ ■ • , 
2\p J 

and therefore according to Part I, pj, = . 

A similar though somewhat more complicated discussion which we have 
not carried out in detail leads no doubt to ps = . Thus the numbers ps of the 
most general Abelian variety of rank one are all zero. 

For a special Vp the number of s-cycles with zero periods for the integrals 
of the first kind may exceed the above. Let generally, 

ks -\- Ks—2 — Rs—i "!"■■■ 

be this number, 1% = . The integer ks may be called the s-dimensional 
index of singularity of Fp or . We always have 

We may of course introduce an s-dimensional index of multiplication. All 
these indices would no doubt be useful for the classification of Abelian varieties 
and many of the propositions given by Scorza for s = 2 could be extended to 
them but we shall not discuss this any further. 

§ 3. Intermediary functions 

57. An entire function 4>{ui, u^, • • • , Up) belonging to a matrix fl with p 
rows and 2p columns is said to be an intermediary function if 

4>{u+w^) = e-2''''^i=i''-"^"'+^'^)-<^(M) (m = 1,2, ■••,2p). 

By comparing the two possible values for ( m + w^, + co„ ) the following 
equations of condition are obtained: 

p 
Y, ifXjpL Wjv — «;•;, <Wj> ) = ^M- (m, f = 1, 2, •••, 2p), 
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where the (m)'s are integers. Since to^„ = — ??i^^ the form 

^ = S ™f.^ ^v y- 

is an alternate form with integral coefficients. We shall call it th.^ fundamental 
form belonging to <^ . It will play a very important part in the sequence. 

58. The second derivatives of log qi are meromorphic periodic functions 
belonging to 0. We shall assume that they are effectively 2p-ply periodic, 
which is permissible, for otherwise we could replace by the matrix of genus 
< p , formed by the primitive periods. Q, will then be a Riemann matrix of 
genus p . 

If (^ is a function which vanishes nowhere, the second derivatives of log 4> 
are entire periodic functions and therefore they are constants, hence </> is of 
the form e''^"^ , where G is a quadratic polynomial in the {u)'s,. Let us assume 
that 4> is not of this type. The second derivatives of log </> will then be of type 
dm/d',n and there will be a hypersurface E of Vp determined by <A = , or, as we 
shall say, cut out by <A . By a ^^ we mean a ^-function belonging to a canonical 
matrix A equivalent to fl. In terms of the (m)'s it is a function 

^m ( Al Ml + X2 Z<2 + • • • + Xp Mp ) ; 

in reality an intermediary function derived from a d . 

The hypersurface cut out by 6',^ is composed of E and of another hyper- 
surface E' upon which dm vanishes also. As 9m , Ci , cut out algebraic hyper- 
surfaces, their common part E' is also algebraic. Hence, E , the residue of an 
algebraic hypersurface with respect to another, is itself algebraic and there- 
fore any intermediary function cuts out in Vp an algebraic hypersurface. 

59. For the sequence, it is very important to show that an arbitrary inter- 
mediary function is always reducible to a ^ by a linear change of variables. 
This reduction has been very simply effected for p = 2 by Humbert, Bagnera 
and de Franchis. Humbert's method may be extended to any p, but as it 
consists in taking Q, always in the canonical form, we do not obtain thus in 
any simple manner the relationship between fundamental and principal forms. 
As to the method of Bagnera and de Franchis, we have not succeeded in ex- 
tending it. The difficulty consists in showing that a certain form is principal. 
The method to be followed here, completely different from that of these 
authors, seems to present considerable interest in itself and probably will 
be useful in other applications as well. 

This method consists in the following: We shall obtain the expression of 
the algebraic cycle {E^^) in terms of the cycles (/i, v) , and from the ex- 
pression in question, we shall deduce that the inverse of the fundamental form 
is a principal form of Riemann. 
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60. In the first place, the hypersurface (E) itself is a (2p — 2)-cycle. We 
shall first seek the expression of this cycle (E) in terms of the p ( 22^ — 1 ) 
fundamental cycles. Let (£) ~ 'Zmi^i^...j^^^ (^'1,^2, • • • , 'kp-2) . In the sum 
at the right, only one of the cycles corresponding to a given combination of 
indices must be taken. We shall agree to take always the cycle for which 
the {i)'s are in increasing order. The question is to evaluate the coefficients 
in the homology. We shall see that if E is irreducible, a hypothesis which 
will be made until further notice, {E) considered as a manifold entirely in 
Uip is sensed everywhere in the same manner with respect to the {2p — 2) 
dimensional elements of Uip, which translates itself into the fact that its 
projections on {ii, ii, • • • , iip ) do not include any {2p — 2 ) dimensional 
elements which destroy each other. It will be necessary then, first to determine 
that sense, then the number of times that the projection on {ii, i^, • • • , i^p-i ) 
covers it up. 

61. We must first examine a little closer the notion of sense. Let there 
be given in an Sq a system of q directed rectangular axes and corresponding 
variables h, k, ■ ■ • , tq and in that space an analytical manifold of k < q 
dimensions, Mk, without any singular points. We wish to define what is 
meant by the sensing of that element with respect to the Sic defined by 
the equations ti^ = U^ = ■ • • = ti^_^ = , which we will designate by 
{iq-h+i , iq-k+2 , ••• ,iq) , it bclug understood that ti^_j^^ , • • • ,ti^ are variable 
in that space. 

Let M'q-k be an Sq-k transverse to M]c and passing through one of its points 
A and take a system of q axes, of which q — k , Asi , Asi , • • • , Asq-k are in 
M'q-k and k others Asq-k+i , Asq-k+2 , • • • , Asg are in Mk ■ More precisely 
the coordinates of any point of Mk are, in the vicinity of A, analytical func- 
tions of certain variables Sq-k+i (i = 1, 2, ■ ■ ■ ,k) . We may define the 
"axes in Mk" as the tangents at A to the lines dsq-k+t 9^ 0, dsq-k+j = 
(j 9^i ), sensed positively in the direction of increreasing (s)'s. — Assume first 
that the axes i,,^ are congruent to those just defined, i.e. if t',^ are the variables 
for this second set, that there exists a continuous series of infinitesimal trans- 
formations of the group with parameters Uik, hi, 

t'i ='^aikti^ + bi, \aik\= + l (i,/c = 1,'2, •••,g) 

reducing the first axes to the second. This continuous series of transforma- 
tions defines a displacement in Sq . The Jacobian is 

DjSl, Sj, •■■ , Sq) ^ _|_ J 
JJ (,*il , H'2 , ■ ■ ■ , 'i, j 

If there exists such a displacement for which the Jacobian 

BjUjU, • • • , tq-k ) 



376 SOLOMON LEFSCHETZ [July 

changes its sign an even number of times, we shall say that Mk is sensed 
positively with respect to the initial space, ( iq-k+i , • • • ,iq) . In such a dis- 
placement, a sufficiently small fc-dimensional element within the displaced 
space {iq-k+i, • • • ,iq) is never projected within its initial position into an 
element of < fc dimensions or is so an even number of times. Finally, the 
product 

I>{Sl, Si, ■•■ , Sq-k) _ DjSl, S2, ••• , Sq) ^ Q 
U [ti^, tij , • • • , *ig_j, ) ^ \ til ' '»l ' ' ' ' > 'i, ) 

If on the contrary the sign considered above changes an odd number of times— 
and it is easy to show that its parity is perfectly defined — we shall say that 
the sense in question is negative. The product of the two Jacobians is then 
negative . 

If the axes (s) and (t) are not congruent, we compare Mk to the Sk corre- 
sponding to the indices "k, H, is, • • • ,iq which is opposed to ( iq-k+i , • • • ,iq) 
and we define the sense as being opposite to that then obtained. We see then 
that the sense is always given by the sign of the Jacobian product, which may 
therefore be used as definition of this sense. The axes (s) will be called 
intrinsic axes of M & . 

62. Let us return to our problem. To show first that {E) has an invariant 
sense relatively to {iz, h, • • • , Hp) it is sufficient to establish that if Si, s^, 
• • • , S2p is a system of intrinsic axes and Si , s^, the variables belonging to the 
transverse plane the Jacobians D{si, S2)/i>(<j, , tit) vanish only on a mani- 
fold of ( 2p — 4 ) dimensions at most, of (E) . Let 

<(> = <(>' + i(/)" , Uj = Uj + iu'j , 

where 0' , 0" , u'j , u'j are real, and take as coordinates si , S2 , two distinct linear 
combinations of ^' , ^" . The question is reduced to showing then that the 
Jacobian B {4>' , (j>")/D{ti, h) , for example, vanishes only on a (2p — 4)- 
dimensional manifold of {E) . But the left hand side is a linear combination 
with constant coefficients of products of terms such as d(j>' /duj , d^' /du'j , 
d4>" /du'j , d4>" /duj , that is, by virtue of classical relations, of terms d^/duj . 
It is therefore an entire function of «i , z<2 , • • • , Up and the dimension of the 
manifold in question is at most 2p — 4 . 

It follows from this that mi,i^...i^^ has the sign of the product 

U ( t;, , tj^ ) U (, tji , tj^ , • • • , tjy, ) 

D{Si, S2) D(Si, 52, ••• , S2p) 

But the second factor is equal to ( — 1 )" Z) ( <i , ^2 , • • • ,kp)/D {si, S2, • • • ,S2p) 
where n is the number of transpositions of the permutation ( \]' l'; Z', l"^ ) . 
Finally, we can always choose the (s)'s in such a way that the coefficient of 
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( — 1 )" will be positive. In these conditions m,,,,...,,, will have the sign of 

To determine the absolute value of m,,,,...„, , we remark that the number 
of times that the projection of an ( £) on an (ia , ^4 , • • • , izp) covers it up, is 
equal to the absolute value of 



-— . I d log <^ 



taken over the positive contour of {ii, ii) . The value as found by an ele- 
mentary integration is* Z!>=i («yii w/u — «>i2 Wjh) = wi.itj. Now let us 
take in the transverse plane, a circuit f surrounding its point of incidence and 
such that 



^^cilog0 = +l, 



We shall assume the axes si, si, so chosen that f is sensed positively in the 
direction si, $2. 

Let f be the projection of f on (I'l, 12) when the point of incidence of the 
transverse plane comes in one of the points where {E) cuts ( ii , ij ) • We have 



2^-X'^^^^ = 2l^X''°' '' = '''■ 



Hence the integral taken over the contour of (ii, ij) in the sense from t, 
towards t2, is positive if J"' and the contour have the same sense, negative in 
the contrary case. Therefore 

""■'"DC.!..,) >"' 

and finally m,-,,,...,,^ = ( — 1)" m,,,, . If n' corresponds to the indices 
it,ii, ■■■ .iipVfe have ( - 1)" = - ( - 1)"', ( - 1 )"?«..,•, = (- 1 )"'?«„,., 
and we can decide without inconvenience to take ii < 12 since we must choose 
only one of these combinations. In assuming, as we already had occasion 
to state, is < u < • • • < i2p, n will be the number of transpositions which 
bring ii, ii, into the position 1,2. Finally then 

( ^) ~ 13 ( - 1 )" "^i,.-, (^3,^4, • ■ • , i-ip ) . 

63. Let us show that with a suitable convention nothing is changed, even 
if E is reducible. 

I say first, that two arbitrary hypersurfaces, {E'), (E") have two sides 

sensed alike with respect to all the {is, (4, • • • , iip) • For, taking always a 

* Poincar^, as I have found since writing the above, has akeady used analagous considera- 
tions in a memoir of the Acta mathematica, vol. 26 (1902), pp. 43-98. 
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representation analogous to (5) of No. 50 for Vp, there exists a polynomial 
F (xi, Xi, ■ ■ • , Xs) vanishing on E' and E" . Replacing the (x)'s by the 
(^)'s, we see that E' , E" , are part of an irreducible hypersurface cut out by 
a certain 6 . Hence {E') , {E") , have an invariant sense at all their points. 
Moreover, there exists an algebraic variety of the Ss-i , containing Vp , cutting 
out on Vp an irreducible hypersurface, G , tangent to E' , E" in two ordinary 
points, A , B . If we prefer, we may say that there is a suitable 6 cutting 
out G . Let us now take on (E') , (E") , (G) , intrinsic coordinates with 
the corresponding axes congruent to each other, and let s'j , s'j , Sj be these 
coordinates. The senses with respect to (i^, ii, ■ ■ ■ , iip) of (E') , (G) in A 
and ot {E") , {G) in B will be the same or opposite according as the Jacobians 
D(s\, s'2)/D{si, Si), D (s'l , s'2)/D{si, s^) are positive or negative, the first 
in A and the second in 5 . As these signs do not depend upon the (i)'s, our 
affirmation follows. 

The preceding discussion makes it possible to define a typical sensing for 
algebraic hypersurfaces of Vp to be taken as positive, and this we shall do 
in the future. 

Let us assume that (E') , {E") , are two irreducible parts of the hyper- 
surface (E) cut out by (f) and that they intersect in a point, A , ordinary for 
both. Through A we draw a plane parallel to {ii, i^) wherein we trace a 
small circuit f surrounding A . By attributing to f ' a suitable direction, 
we shall have Jl d log = + 2 • 2iri . Through a point near A , let us draw 
a plane transverse to (E') , then surround its point of incidence with a small 
circuit f ' , avoiding ( E" ) and sensed in such a way that 

I d log (j) = 2iri . 

Let t" be an analogous circuit for (E"). As Jl d log ^ = J}' + Jl" , 
f' , f " are sensed similarly with respect to all the (ii, -k) . If, therefore, we 
desire once for all to take for every hypersurface only the cycle formed by its 
positive side, the Jacobians D (1,^, ti^)/D {si, Si) will still have the same sign 
at all points of (E) provided the intrinsic axes are congruent at all points. 
These signs will always be those of the coefficients nii^i^, and our reasoning 
still holds, leading again to the same homology as previously. 

Let us assume, finally, that ( -E' ) , {E") , have no simple points in common, 
and let 4> be an intermediary function cutting out a hypersurface G , which 
meets E' , E" in two ordinary points. A' , A" . By reasoning as we have 
just done, with ^ip taking now the place of 4> , and comparing E' and E" with 
G , we show at once that we can always arrange matters so that the Jacobians 
T) ( til < tii )/D {si, Si) have the same sign on.{E') and {E") , the corresponding 
intrinsic axes being always assumed congruent. The rest can be completed as 
previously. 
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Remark. An immediate consequence of the similar sensing of the hyper- 
surfaces of Vp is that the signs of the coefficients ?reij,-, depend only upon the 
indices hut not upon the fundamental form considered. The sign of ( — 1 )" m^^t^ 
indicates the sensing of the algebraic hypersurfaces of Vp relatively to 
{is, ii, • • • y'hp) . 

64. It is clear that, in the same manner as above for a 22:) — 2 dimensional 
element, the sensing of a 2p — 4 dimensional element with respect to 
{h, is, • • • , Hp) can be considered as determined by the sign of the product 

Disi, S2, S3, Si) D{si, S2, • •■ , S2p) 

where the coordinates Si, S2, S3, S4 belong to the transverse Si and the others 
belong to the element itself. 

We can show next that the image in U2p of an irreducible p — 2 dimensional 
algebraic subvariety of Fp is a 2p — 4 dimensional manifold sensed relatively 
to the (is , ie , • • • , i2p ) , in a manner invariant in all its points and independent 
of the subvariety chosen. 

Let us consider finally several such subvarieties belonging to the intersection 
of two algebraic hypersurfaces Ei, E2. At all their points we can take in- 
trinsic coordinates, si, S2, • • • , S2p, such that si , S2 belong to the plane trans- 
verse to {El) , S3, Si to the plane transverse to {E2) , and such that, moreover, 
the Jacobians 

D {ti, t2, • • • , fep ) D {tji, tj, ) D it,i, tj^ ) 

'D{si,S2, ■•■ ,S2p) D{Si,S2) D{S3,Si) 

should be, the first equal to one, and the other two of invariant sign at all 
points of the intersection of (Ei) with ( £2 ) • This is equivalent to associating 
in a definite way, (Ei) , {E2) , in their common points. The known identity 

IJ \ tji , tt2 , C;s , ti4 ) _ V~> _i_ ^ \ ''H l_J2 ) . -^ \ tja ! H4 ) 
D{si,S2,S3,Si) Dis^,S^) D{Sy,Ss) 

shows that we change the sense of the intersection whenever we change the 
sense of one of the hypersurfaces but not when we change that of both. We 
shall agree always to associate the sides of (Ei) , {E2) which have the same 
sense. The side thus obtained for their intersection will be said to be its positive 
side. The sum of the irreducible parts similarly sensed will be what we shall call 
the intersection {Ei E2) . The following are two of its properties : (a) The 
cycles {E1E2) and {E2E1) are identical; (6) let there be two cycles Ai, A2, 
nowhere sensed in opposition to (Ei) , {E2) , and respectively reducible to 
these two cycles by a deformation, during which they never acquire a common 
2p — d dimensional part. We may define their common {2p — 4)-cycle 
Ai A2 as we have done for {Ei) , {E2) , and this cycle is homologous to {E1E2) . 

Trans. Am. Math. Soe. 25 
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65. Let us designate for the present by ( z'l , 12 , • • • , is) not merely an 
element forming part of the boundary of Uip but more generally any element 
which may be derived from it by a translation parallel to an edge — such an ele- 
ment forming of course a homologous cycle. 

The hypersurf aces -Ei , E^, are cut out by intermediary functions belonging 
to two fundamental forms 

We can take for cycles Ai, A2, the following: 

Ai =2^ (- l)"m|^,, (^3,^4, • • • ,4p) , A2 = X) ( - !)"?<,■, {%,([, ■■•,%), 

where at the right the cycles are so chosen that Ai, A2 do not have any 
{2p — 3 )-dimensional manifold in common. 

Owing to the large degree of arbitrariness in the definition of the projecting 
lines in No. 53, we may first reduce (.Ei) to Ai, then (-E2) to A2 in such a 
manner that during the deformation the two cycles never acquire a common 
(2p — 3 ) -dimensional manifold. The property (b) is then applicable here 
and we shall have ( Ai A2 ) ~ (E1E2) . 

The question is therefore reduced to the determination of the (2yi — 4)- 
dimensional cycles common to the (iz, ii, • • ■ , Hp) . Now consider the 
elements {is, H, • ■ ■ , Hp) , (i's, ^l. • • • , ^3p) • They are respectively repre- 
sented by two systems of equations 

Xji = const., Xi^ = const.; a*/ = const., .r,' = const., 

where the two sequences ii, ii, • • • , iip and i'l, i^, • • • , ^p form each in a 
certain order the sequence of integers, 1,2, ••-,223. These equations will 
be compatible if and only if the four indices, i\ , ii , i'l , i'2 are all different. We 
will then have intersection of the cycles {iz,ii, • ■ • , iip) , {i'i, u, • ■ • , i'zp) 
only if all their indices except two are the same. Let t„, i^ be those of the 
first which do not belong to the second, i'y , i's those of the second which do not 
belong to the first, and n, n' the numbers of transpositions bringing these 
pairs of indices into the position 1,2, from their right place in the sequence 
1,2, ■ ■ • , 2p . We can replace ( -Ei ) , ( ^^2 ) , by the sums of homologous 
cycles. In the one belonging to ( -Ei ) we have the term 

(-1)" m;^/j {is,U, ■■ ■ , Hp) 

and in that belonging to ( -E2 ) , the term ( — 1 )" rrii^i^ {i's, u, • • • , i'ip) , and 
in no other terms of the sum do the same cycles appear. Let js, je, • • • , j^p 
be the common indices. These two terms can be replaced by 

( - 1 )"+"' m/i' (i^, iff,ji, •■■ ,J2p) 
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and (— 1)"+" iriij^iiy, i's, ji, ■ • • , jip) respectively. Their intersection is 
composed of the cycle 



1 , - •m . / . / Z i 



™t»-«™l:'s T^,, \ 7-^ {j'..,H, ■■■,jip), 



the Jacobian being introduced as above for reasons of sensing. This term is 
of the type 

(- ly m\i^vA,H (^s.*6. •••.*2p), 

where n is always the same number and can be taken to be equal to the sum 
of the transpositions bringing the pairs ii , it and ig , ii each from their proper 
places in the sequence 1,2, • • • , 2p into the position 1,2. If we assume 
each of the three systems of indices ii , it ; is , %;%, in, ■ ■ ■ , iip, in increasing 
order, we shall have 

(£1 £2) ~ Z) ( - 1 )" ™ili2 ''^hU (*5, J6, ■ • ■ , Mp) 

and in particular if we decide always to take i\ < h 

( £2 ) ^ 2E ( - 1 )" rrn.i, mi,i, {i:,H,---,i.p). 

This can be generalized at once and we shall have with conventions similar 
to those already made 

iEiE<, ■■■ E,) ^J2i- '^T in\i, m\i, ■ ■ • m%,_,i,, (i2,+i, k,+2, ■■■,i,.p) 

( £' ) ~ 5! X) ( - 1 )" mi^i, m,,,-, • • • 7?ii,,ji2, (*2.+i, i2»t2 ,• • • . h, ) . 

It is of course understood that the various irreducible parts of {Ei E2 ■ ■ • Eg) 
are everywhere sensed alike.* 

66. The two most interesting cases are s = x> and s = ii — 1 . In the 
first case we obtain, except for the sign, [E1E2 • • • Ep] which is the number of 
zeros common to p intermediary functions. In particularf 

± [Ep] = p!X ( - 1 )" ™'-ii2 m,;i, ■ ■ ■ nii,^,_,,;^ = fl-K, 

where the quantity tt is the pfafian of the skew symmetric determinant 
I ™y«; I (i ) ^ = 1 ) 2 , • • ■ , 2^:1 ) of the fundamental form F . 
For s = p — 1 we obtain the expression for the algebraic tivo-cycle : 

( E"-^ ) ~ ( 2^ - 1 ) ! E ( - 1 )" wiiii. ini,i^ ■ ■ ■ 'mH„_,i,^ ( 4p-i , i^p ) . 

The coefficient of ( ^p-i , iip ) in the sum multiplied by tt is equal to the coeffi- 

* (E^) is actually a (2p — 2s)-cycle, for the function? (« — e) cut out hypersurfaces of ( E } , 
and s of them with the (e)'s arbitrary will intersect in a 2j) — 2s dimensional manifold, as may 
be shown for example by recurrence. 

t For ordinary e's this reduces to a classical formula due to Poincare. 
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cient Af ij^jijy of ^ij^jiap in the expansion of the determinant of F. Hence, 
finally 

7r(£^-i)~(p-l)!Ei'^M.(M,^) (m<0. 

67. Since (Ep~^) is algebraic, the corresponding periods of the integrals of 
the first kind of Vp are zero, hence $ = X! ^^ni^ -^V y,' , which up to a numerical 
factor is the inverse of i^ , is an alternate Riemann form of Q . We shall see 
that it is a principal form of Q or else is such a form changed in sign.* 

Assume, indeed, first that (E^^) is irreducible. We mean thereby, ex- 
plicitly, that there exist p — 2 hypersurfaces of the same algebraic system as 
E , whose intersection with E is an irreducible curve. Let f be the contour 
making {E"~^) simply connected, and let X = x + iy be one of the point 
coordinates on ( Ep~^ ) . Finally, set 

P 2> 

U = u' + iu" = 23 ^y Uj] ^^ + ^'?M = 21 ^0 (^01^ ■ 

We have, according to Riemann, 

iX..,[(£T-(lF')1"-X'""»">«- 

'But by means of a classical transformation of the first integral 
fu'du"=ff ^^'~'-,^ dxdy = f f du'du" 

= ± Lv-^AH- ^ M,^ r r du' du" 

= ± ^^^^-^'2: M,, ( ,^, 77. - ?. 77 J > , 



which proves our affirmation in the case considered. 

The signs ± come from the fact that it is only for one of the sides of ( Ep~^ ) 
that the double integral will be positive. 

Assume now that E^"^ is composed of several irreducible curves C\, d, 
• • • , Cn. The cycle ( E^^ ) is composed of the sum of the cycles ( Cj ) all 
assumed sensed in the same manner. We know that the following condition 
will then be fulfilled: Let C be an arbitrary algebraic curve tangent to Cj 
at a simple point A and to Ch at a simple point B, then trace in a tangent 
plane at A and B , two small circuits f ' , f " around these points. If we impose 
upon f, f" directions corresponding to the positive circuits of Cj and Ch, 
they will both be sensed alike with respect to C . More precisely speaking, 

* Since this was written the same result has been derived in a more direct and elegant 
manner by Castelnuovo. See Rendiconti dei-Lincei, ser. 5, vol. 30 (1921), pp. 
60-55. 
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we may consider a small positive circuit f of (C) starting from the interior of 
a small tube of axis f' (a tube of which the transverse dimensions are very 
small with respect to f ' ) , then bring it into a similar position relatively to f " 
without changing its sense. The integral J} u' du" — St" u' du" will be at 
first very small with respect to each term of the difference, and similarly when 
we consider J} ^' du" — J}" u' du" and the final position of f . Since, 
besides, the first integral does not change its sign, the two integrals J}' J}" 
have the same sign. This sign will be that of every positive circuit bounding 
on ( Cj ) or (Ch) and we may assume that it is the sign + . 

Let us draw in particular the contours f y making the ( C)'s simply connected. 
They bound on these manifolds, hence we can sense them. If we do this in 
the manner just defined, we shall then have y}j du' du" > 0; 

.-. Y. { u' du" -J^ff du' du" = If du' du" > 0, 

and the rest is ended as previously. Hence finally: 

Theorem. The inverse of a non-singular fundamental form is up to the sign 
a principal form of Q, . 

Remark. If 4> is of genus p\ < p , we may, as we have already stated, 
reduce Q, to the form 

fii, 

0, ^2 

where fli is of genus pi , </> being a function of the sole variables belonging to 
fii . F will then be a fundamental form belonging to fli , hence degenerate 
for Q, , and the inverse $ of i^ considered as non-degenerate form of genus pi , 
will be a principal form for Q,x, and therefore will be a degenerate alternate 
form of Q, . 

67. Before continuing with the reduction of intermediary forms, let us 
establish a generahzation of Riemann's classical inequality. Its interest lies 
in the fact that it is the only one known to date for multiple integrals of the 
first kind. 

Let Vi, Vi, • • • ; «s be distinct linear combinations of the variables Wi , ui , 
■ ■ • ,Up, and X\,X2, • • • , Xs,s arbitrary point coordinates on Ei,E2, ■ ■ ■ , Ep^s , 
then set Vj = v) + ixj , xj = x'j + ix'j . By starting with the relations 

dvi dv'i , . dv"t ■ dvj dv',- , . dv'i 

— — , + 1 T-^ , I —- = ^„ + ^ — - • 



dxh dx'k dx'k ' dxh dx',[ dxl 

dvj _ dvj . dv'j _ . dvj _ dv',- ■ dv" 

dxh dx'i, dx'k dXh dxi, dx'i, 



we find that 



1) {Xi , X-z , • • • , Xs , Xi , • • • , Xis ) \ 2 / 



D{vi,V2, ■■■ ,Vs) 



D{xi,X2, ••• , Xs) 
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and therefore 

I I • • • I dv'i dv'2 • ■ • dv's dv'i ■ ■ ■ dv", 9^ . 

The sign of this multiple integral depends only upon the sensing of the 
(-E)'s but not upon these hypersurfaces nor even upon Vp. Suppose in 
particular that Vp possesses p independent elliptic integrals which we shall 
still denote by mi , % , • • • , Up and take for hypersurfaces Ej , an hypersurface 
which is here algebraic, defined by 

Us+j = const. U = 1,2, ■■■ , p - s). 

The multiple integral is then reduced to the product by ( — 1 ) ' of s in- 
tegrals of type 



// 

J I'll 



du'i du'i 



which have all the same sign. Hence 

( — 1 ) '^ I I ■ ■ ■ I dv'i dv'2 • ■ • dv, dv" • • ■ dv's 

is positive if s is even and has the sign of the double integral if s is odd. Let 
''■»2(p_.)+ii2yl,)+2---»!j. be the period of the multiple integral with which we are 
dealing, with respect to iinp-s)+i, ■ • ■ , iip) ■ The quantity 

11( 3—11 

is positive if s is even and has the same sign as for s = 1 if s is odd. This is 
the generalization which we had in view. 

68. It is easy to show now that we can always transform U into a canonical 
matrix A in such a way that <j) becomes, up to a quadratic exponential factor, 
a 6 belonging to A . We can obviously assume that is of genus p . 

Reduce fl to a canonical matrix A in such a way that $ becomes the form 

p 

The transformed of F is then 

F' = mep Y, ^""^^"^'^ ~ ^p+^y^) , 

where m is up to the sign the greatest common divisor of the coefRcients of F . 
Let Ml ,ih, ■ ■ ■ , Up be the new variables and dm{u') a 6 of order 7n belonging 
to ^ if m is positive or the inverse of a of order — m if m is negative. Let 
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finally 4/ (u') be the transformed of <(> . The meromorphic function 

behaves like an intermediary function belonging to A with a fundamental 
form identically zero. By considering the relations for the corresponding 
coefficients aj^, it is found that aj^, = a^j (fj,, j = p) . Hence the product 
of X by a suitable quadratic exponential behaves in a similar manner with 
'^U = (j , /x = p ) . The relations satisfied by the other ( a )'s show that they 
are also zero. Hence, if aj,^ , d'j^ correspond to ^^ ( m' ) , and to e"^"'-" • ^^ , where 
the exponential is the one already mentioned, we shall have d^^ = d'^^ whence 
follows that the entire function e'^^"^-ip behaves relatively to A like a 0-f unc- 
tion. It is therefore a theta of order m , which proves our affirmation. 

The integer m, which is the greatest common divisor of the coefficients of 
F , is also called the order of <p . 

The dimension of the linear system to which dm belongs, or which is the same, 
of the one to which <j) belongs, is the pf affian of F' , 



mP e^ 



' — = m^ • ei 62 • • • ep = TT 



n^(epA;x) 
Let D be the unimodular transformation changing fl into A \ We have 

#' = ^-i$I»-S F'^BFB. 
Hence 

IT = Dw . 

Finally, if A, A' are the determinants formed with the real and imaginary 
terms of Q and A , we have 

A' = I>A, .-. 7rA = 7r'A'<0. 

Thus, as shown by Bagnera and de Franchis in the case |3 = 2 , the pfaffians 
of the non-degenerate fundamental forms of Q all have the sign of — A . By 
applying to 12 a suitably chosen unimodular transformation, we can arrange 
matters so that they will all be positive. The dimension of a complete linear 
system of intermediary functions will then be exactly equal to the correspond- 
ing pf affian. 

§ 4. The relation p = 1 + k. Theorem of Appell-Humbert 

69. Let 'I'l be a principal form, <S>2 , "^3 , • • • , ^k+i other alternate forms of 
Q constituting with the first a set of ^ + 1 independent forms. The conditions 
that a;'l>i -|- y^j be principal, (x , y are integers), can be expressed in the form 
of inequalities 

fi{x,y)>0, f2{x,y)>0, •••, fn{x,y)>0, 
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where the (/)'s are homogeneous polynomials with integral coefficients. 
These conditions, which are satisfied forx = l,y = 0% will certainly also be 
when we take y = 1 , and x great enough. Hence, if $j is not principal, we 
can always replace it in the above system by a principal form. This will 
allow us to assume that all the ($)'s are principal forms. To $j correspond 
non-degenerate intermediary functions, hence a fundamental form Fj, of 
genus p, inverse of "S>j. Let us represent any alternate form G of genus p 
by the point (G) of a space Sp(2p-i)-i having its coefficients for homogeneous 
coordinates. The relation between a form and its inverse establishes an 
involutory birational correspondence between the points of this space, and 
if G is not degenerate, the point ( G ) is not fundamental for that correspond- 
ence. Let i>, i^ be a principal form and the corresponding fundamental 
form. The Sk which contains the points ($) is transformed by the involution 
into an algebraic fc-dimensional variety W^k containing all the {FYs. I say 
that there is no Wh, h < k, containing all these last points. For otherwise 
there would be a variety W',, containing all the ("i')'s, hence all the points 
ai> + (3i>j , where a , are arbitrary positive integers. In the neighborhood 
of ( $ ) there would then be found within W',, a point-set, everywhere dense, not 
contained in a space of less than k dimensions, which would have as a conse- 
quence effectively h ^ k . 

It follows that the points (F) are not contained in a space of less than k 
dimensions. Besides, if F , F' are two fundamental forms, aF + fiF' is 
another fundamental form {a, (3, arbitrary positive integers). Hence if W^ 
were not an Sk , it would have to contain an infinity of straight fines passing 
through an ordinary point not situated within an Sk which is impossible. It 
follows that Wk is merely an Sk ■ 

Let finally F' be a degenerate fundamental form of genus jj' < jj. There 
corresponds to it an intermediary function in j)' variables. We know that 
there exists then at least one intermediary function 4>" , of genus x>" = V ~ v' > 
such that ^''' ^" be of genus p , where a , /3 are arbitrary positive integers. 
If F" is the fundamental form corresponding to 4>" , ( aF' + ^F" ) will be in 
the space Sk containing the points which correspond to the non-degenerate 
forms. Hence {F') will also belong to that Sk- 

Thus the fundamental forms like the Riemann forms give rise to a linear 
system co * . 

The modulus generated by the fundamental forms will have a minimum 
base composed oi k -\- 1 forms Fi, F^, • • ■ , Fk+i . Let i^ be a fundamental 
form of genus p corresponding to intermediary functions of order one. The 
coefficients of F will then be prime to each other, and there exists a minimum 
base for fundamental forms of which F is an element. Assume then F = Fi. 
The form F'j = Fj + xFi {x a positive integer) is not degenerate for x 
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arbitrary, even if Fj is. If Fj is degenerate, we can tlien replace it by F'j , 
and we thus see that there exists a minimum base for fundamental forms 
composed of non-degenerate forms. We shall assume that the above minimum 
base already has this property. ■ 

70. Let us prove now the following important 

Theorem: The non-degenerate intermediary functions of a complete continu- 
ous system of such functions cut out a complete continuous system of hypersur- 
faces. 

Let us reduce i2 to a canonical matrix A in such a manner that the inter- 
mediary functions in question become (^)'s belonging to A . We have then 
to prove that the ( d )'s of a given order m cut out a complete continuous system. 
Let us represent Vp , as before, by equations 

rxj = e{[i]{u) (j = 1,2, •••,«) 

where 5 — 1 is the dimension of the (^)'s of order n of given characteristic. 
We assume that this representation furnishes a non-singular Vp in point to 
point correspondence without exception with Uip . 

Let [Cm] be the complete system of hypersurfaces of Vp containing as 
total hypersurfaces those cut out by the dm • We have to show that an arbi- 
trary Cm can be cut out by a ^^ . 

Let us designate by \II\ the system of hyperplane sections. Since Vp is 
without singularities, an arbitrary hypersurface IH of the complete system 
\IH\, {I great enough), can be cut out in the Ss-i containing Vp by a poly- 
nomial of order / .* 

If we substitute in this polynomial the (^)'s in place of the (a;)'s, we find 
that every hypersurface of IE can be cut out by a 6ni. But by means of an 
ordinary transformation of Vp , every linear system of { C„i} can be transformed 
into another containing an arbitrarily assigned linear system, since these 
systems are all representable by the points of a Picard variety of period matrix 
isomorphic to Q , and which is the image of an involution on Vp . It follows 
that all the linear systems in question have the same dimension, equal to that 
of a ^„ i of given characteristic. This proves the proposition for {C„i\, when 
/ is above a certain limit. 

We conclude from this that every rCm, (?' a sufficiently high multiple of re) , 
is cut out by a dmr ■ In the neighborhood of an arbitrary point (zt") of Cm 
we shall have 

dmr{u) = [/(Ml, Ik, ■ ■■ , Up)Y-g{Ui, Ui, ■ ■ ■ , Up), 

where / is a polynomial in Up — m" whose coefficients are holomorphic in 
Ui, Ui, • • • , Up-i , in the neighborhood of the set of values iil,u\, ■ • • , u'l, and 
g is holomorphic in the neighborhood of ( m" ) , with g{u\,iil., • • • , m" ) 5^ . 
*Severi, Rendiconti di Palermo, vol. 28 (1909), pp. 33-87. 
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Hence dUr is holomorphic in the vicinity of ( m" ) and therefore it is an entire 
function. Besides, it behaves Hke a dm with respect to the matrix A , hence 
up to an exponential quadratic factor perhaps, it is a 6m which cuts out Cm 
and the theorem is proved. 

71. The preceding theorem will lead us rapidly to the value of p . Re- 
turning to the minimum base Fi, F^, ■ ■ ■ , F^+i , for the fundamental forms, 
let (f>i be the non-degenerate intermediary function corresponding to Fi, 
and Ci the hypersurface which it cuts out. I say that we cannot have a 
relation such as '^'kiCt = 0. Indeed, let Xi = X'j — X" where the (X')'s 
and the (X")'s all are positive integers. By definition, there exists a hyper- 
surface E such that D' = E + Y,K Ci and D" = E + Z K Ci are total 
hypersurfaces of the same continuous system. E can be replaced by any 
hypersurface of a continuous system which contains it. Hence, we can 
always consider it as being cut out by an intermediary function (f> of order m , 
high enough, belonging to a fundamental form mF of genus f . For a suitable 
choice of m, the fundamental forms mF -\- Z^^iFi, mF + 2Z X" Fi are not 
degenerate, and the intermediary functions (t)Ili 4>i' , c^IIi 0;* will not be 
so either. Since the hypersurfaces D' , D" which they cut out belong to the 
same continuous system, this must also be true for the functions in question 
and their fundamental forms must coincide — that is, we must have 

j:\iFi = 0. 

Hence Xi = X2 = • • • = X^+i = 0, and the (C)'s are effectively independent. 
An immediate corollary is that we must have p > fc + 1 , and since 

it foUoivs that k -\- 1 and p are equal, a result whose importance is obvious. 
Incidentally, we have shown that the (C)'s form a base for the hypersurfaces 
of Fp. 

72. Theorem of Appell-Humbert : Every hypersurface of Vp may be cut 
out by an intermediary function* 

Let C be an arbitrary hypersurface of Vp . We have XC -\- J^ X'; d = 23 ^'i Ci 
(X, Xi, X", positive integers). Hence as before there are two hypersurfaces 
D' , D" cut out by non-degenerate intermediary functions, and such that 
XC + D' and D" belong totally to the same complete continuous system. 
Hence there are two intermediary functions , 0' cutting out XC + D' and D' . 
The function \p = (p/<f>' behaves hke an intermediary function relatively to 
the periods. Besides D' may be taken arbitrarily within its continuous 
system. Let P'l be another hypersurface of that system. There exist inter- 

* See Humbert, Journal de mathematiques pures et appliquees, 
ser. 4, vol. 9 (1893), pp. 29-170, for the case p =2. 
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mediary functions 4>i , 4>\ cutting out AC + D'l and D'l and we see at once that 
{cj)-(f)'i)/{cj)' •(f>i) is neither zero nor infinite on any hypersurface of Vp . Hence 
^1 = 0i/^'i = e''^"'-'/', where G is an entire function. Since we may always 
so choose D'l that i/'i be holomorphic at a given point ( m" ) , i/' is an entire func- 
tion — therefore it is an intermediary function. Thus XC is cut out by an 
intermediary function ^. We may now show as in No. 70 that xf/^"" is an 
intermediary function cutting out C , even if \p is degenerate, which proves 
the theorem. 

73. Let F and C be respectively the fundamental form and the hypersurface 
corresponding to \p . We have F + J^^'i Fi = IZK Pi ( A'; , A" , positive 
integers). Just as before there exists here a non-degenerate fundamental 
form F' , such that F + i^ + E A/ Fi = F + ^ A; Fi is not degenerate either. 
Let 4) be an intermediary function belonging toF' . The intermediarv functions 

Xi' x" 

i/'^IIi 0; , <j)U.i 0/ belong to the same continuous system of such functions, 
which leads at once to the relation C = S ( A" — A', ) C, . Thus Ci , d , 
• • • , Ck+i form a minimum base. Incidentally, these hypersurfaces are in- 
dependent, hence cr = 1 , as we have already found before in a different 
manner. 

74. Remarks. I. When p = 3 , we can arrive much more rapidly at the 
relation p = 1 + k . Indeed, we shall show below independently from this 
relation, that the arithmetic genus of an Abelian variety of genus p is equal 
to (— 1)""^, hence when p is odd it is equal to the geometric genus. It 
follows in particular that Vs is completely regular, in which case (No. 36) 
every two-cycle with zero periods for the integrals of the first kind, is algebraic, 
which gives at once p = 1 -}- k. 

II. Whatever Q, the p-uple integral of the first kind of Vp has at least one 
non-zero period since Q is an array of rank p . We can then apply the theorem 
of No. 36: Every algebraic surface which is a complete intersection in Vp of 
hypersurfaces belonging to a sufficiently general linear system has for bases the 
traces of the bases of Vp . 

III. Let us mention explicitly that, whatever p, 

pl= Po = R^- P = R^- (l + k) =p{2p-l) -1 -k. 

§ 5. Formula for the arithmetic genera 

75. In a paper in the Annals of Mathematics of 1916 the author 
has established this result: If C = 23i=i Aj Ct, the arithmetic genus of C is 
given by 

i=i \ p - 1 J 

where at the right one must expand in series, then replace the non-numerical 
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terms of degree = p by the corresponding arithmetic genera. He has besides 
established a formula according to which [{IC)''] is a polynomial in I with 
coefficients of the first degree in [ C* ] . 

Assume now that C is a hypersurface cut out by an intermediary function 
of non-degenerate form F . If C is generic in its continuous system, Vp may 
be birationally transformed into a variety V'p , non-singular and having for 
hyperplane sections the complete system \IC\ {I sufficiently great). The 
dimension of the containing space is ttI^ — 1 , where w is the pfaffian of F . 
On the other hand, the postulation of V'p with respect to the varieties of order 
n of its space is tt ( /s )*" . Hence (Severi, loc. cit.), 

+ ..- + (-l)M[(^C)]+[Fp]). 

If in these expressions the quantities [ (/C)''] are replaced by their expressions 
in terms of genera [C'] we obtain an algebraic equation verified for an infinite 
number of sets of values {s , I) which cannot be thus related. The relation 
obtained must therefore be an identity. Making Z = 1 , we have for every 
value of s 

^s^ = r^ + p V. - (c^ + c-^ - 1) (^ + p - 1^ 

+ ••• + (- DMC-fF,)]. 
Moreover we can always find constants ti such that, whatever s, 

.' = £<<(' + ')■ 

By comparing the two values of s" it is found that 

[C\ = (- iy-'[-K{k + h+ ■■■ H-ip) - 1]. 

Making successively s = and s = — 1 in the preceding formula, we obtain 
k + k+ ■■■ -\-tj, = Q,U = {- ly , whence ultimately [C] = 7r + (-l)P. 
Finally, substituting s = in the formula for tts" , we find [ Fp ] = ( — 1 )^~^. 
Thus the arithmetic genus of an Ahelian variety of rank one and genus p is equal 
to (— 1)^~^. This is in agreement with the value — 1 already known for 
the arithmetic genus of hyperelliptic surfaces. 

It is interesting to observe that a certain formula predicted by Severi but 
for which no proof is known as yet, is verified in the case of Abelian varieties. 
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Designating as before by is the number of s-uple integrals of the first kind, we 
must have according to this formula 

[Vp] = ij, - ij^i +•••+(- 1)^-1^1. 

Since ^s = ( ^ ) and 

!-(?) + (I) - ••• + (- ly-'-p = (1 - 1)^ -(-!)'' = (- 1)^-1, 

the formula holds here. 

76. Let Fi be the fundamental form of d . The pfaffian w will be a poly- 
nomial in Xi , X2 , • • • , whose coefficients are simultaneous invariants of the 
forms Fi . Since 

TT + (- 1)'' = [11 (1 + Ci)^' - 1] - f^^'- ~ M' 

i \ p - 1 J 

whatever the positive integers Xj, this relation is an identity and the coeffi- 
cients of the powers of the (X)'s must be equal on both sides. Comparing 
those of Xi , X2 , • • • , Xs we obtain [Ci C2 • • • Cs] = + Gs, where Gs is a 
simultaneous invariant of the fundamental forms, Fi, F2, • • ■ , Fs oi which 
it is not necessary to give here the expression, which is easy enough to obtain. 
This formula solves the problem of the determination of the arithmetic genus 
for the complete intersections in Vp . 
We verify in particular that 

[C^] = TT-p!, (formula of No. 66; Poincare) 

[0^1] = l+^7r(p- l)-p! 

For -p = 2 , [ C^ ] , [ C ] , [ Ci C2 ] have precisely the values already obtained by 
Bagnera and de Franchis. 

Chapter II. Abelian Varieties with Complex Multiplication 

§ 1. Generalities 

77. In the first chapter we have established the identity between the 
numbers p and 1 + ^- . The next problem of interest is that of the determina- 
tion of the numbers li , k for a wide range of cases. The varieties with complex 
multiplication will furnish them readily. 

In order that the transformation T 

p 
(1) Uj='^\jkUk (i = 1,2, •••, p), 

Trans. Am. Math. Soc. 36 
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define an algebraic correspondence on the Abelian variety of rank one Vp, 
belonging to the matrix fi, it is necessary and sufficient (Humbert, Scorza) 
that there exist relations 

(2) Z-ik ^i* Wftn = S by^ oij^ 

(i = 1,2, ■■■,p; M = 1,2, •••,2p), 

where the (6)'s are rational numbers. These relations can also be written 
symbolically: 

||Xy,||-12 = 12-i|&,J|. 

If the so-called "multipliers" as defined below are rational and equal, T is said 
to be an ordinary mvUiplication of Vp , while in the contrary case it is said to 
be a complex multiplication of the variety. If the determinant | Xjk \ = we 
have to deal with a complex multiplication of an Abelian variety of genus < 2^ 
contained in Vp . We shall assume then in general that this determinant is 
not zero. Besides, (Frobenius) | X_,vt | • | Xjk | = | ^^^ | , and the rank of the de- 
terminant at the right is double that of |X;t|. Hence, if one is not zero, 
neither is the other. Moreover, the determinant of the (bys is necessarily posi- 
tive. Let us assume that the (&)'s are integers. The determinant is then 
equal to a certain integer m and we have to deal with a correspondence 
{1 — m) . In order that we have a birational transformation, it is necessary 
and sufficient that the determinant be equal to one. 

The multipliers of T already alluded to are simply the roots of the equation 
in a , 

I y^jk — €yj; • a I = ( (ji = 1 , ejs = if i ?^ fc ) , 

If none of them are zero, we have a multiplication of functions of genus p or 
rwn-singular multiplication. 
According to Frobenius, 

I X,-/i — ejk-a\-\ \jk — ■tjh ■oi\ = \h^^ — t^^-a\ = F {a) , 

hence the multipliers are roots of an equation of degree 2p , with rational 
coefficients, F{a) = 0, called the characteristic equation of the complex 
multipHcation T . A real root must annul each factor on the left side above 
and is therefore double f or i^ ( a ) . On the contrary, if a multiplier is imaginary 
its conjugate annuls the second factor on the left and the two may be simple 
roots of F (a) . When the multiplication is singular, F (a) has zero roots 
and the determinant 1 6^f. | = . The characteristic equation whose properties 
from the point of view that interests us here, have been thoroughly studied by 
Frobenius, will play a fundamental part in the sequence. The problem which 
we propose to consider is the following: Given a certain equationwith rational 
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coefficients, to find the most general Ahelian varieties possessing a complex multi- 
plication of which this equation is the characteristic equation, and to determine 
their invariants. 

When the equation is arbitrary, the problem is far from simple, especially 
since a given Abelian variety may possess multiplications of widely different 
types. Now we have seen at the beginning of Part II that the problem 
of the determination of the numbers h, k, and therefore also of p, reduces 
itself to the following two problems: (a) To find the invariants of a pure 
matrix; (b) To find the simultaneous index of two pure matrices. We shall 
see that every complex multiplication belonging to a pure matrix has a charac- 
teristic equation of type [f{a)Y = , (f{a) irreducible), and it is the investi- 
gation of extensive cases where the characteristic equation is of this type that 
will occupy us very largely in the sequence. 

78. We recall here, first, the point of view and method which Scorza followed 
in introducing the index h . Let T' be another complex multiplication than 
T and let 

P P 2p 

% = XI K* ^* ' 2Z ^'jk "ifctt = X ^'-1^ "j" 

7c=l &=1 v=l 

0" = 1,2, ■••,p; M = 1,2, •••,2p) 

be its equations. Whatever the rational numbers m, m' , the equations 
Wj- = Z^jfc {m\jk + m' 'Kjk)uk define a new multiplication, since the relations 
Zi iin\jk + m' Xjk) (Ok^ = Sr (mK^ + m' K^) a,-, are verified. This new 
multiplication will be designated hy mT + m' T' . 

Since the rank of the determinant 1 6^^ | is equal to the sum of the ranks of 
the determinants |Xyjt|, \'Kjk\, the (&)'s cannot all be zero without this being 
the case for all the (X)'s and conversely. If the terms of a multiplication are 
all zero we shall write T = 0. It is clear that, given 4p^ multiplications, we 
can find a linear combination of them identically zero, hence multiplications 
form a finite modulus, and in fact the base number is 1 + h. — This funda- 
mental point is proved by Scorza as follows: Consider the elements of any row 
of as homogeneous point coordinates in an S2p-i . To the p rows correspond 
p points which define an Sp-i . The equations (2) show that the projectivity 
with rational terms B =||6„^||, of Sip-i, transforms the 8p-i into itself. 
Conversely a projectivity with rational terms having this property defines 
a multiplication of Fp . B is said to be a Riemann projectivity of . If B' 
corresponds thus to Z", to the multiplications mT + m' T' and TT' correspond 
the respective Riemann projectivities mB + m' B' and BB' . Hence in 
particular the base numbers for the projectivities and for the multiplications 
are the same. Now a bilinear form of defines a reciprocity of S^p-i with 
rational terms, or "a rational reciprocity," which transforms each point of the 
above Sp-i into an Sip-i passing through that /Sp_i . Let C , 2) , be two such 
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reciprocities; C~^ D is a Riemann projectivity of Q and defines therefore a 
multiplication. Conversely to the Riemann projectivity B corresponds the 
rational reciprocity BC , from which follows readily that there are exactly 
1 -\- h distinct multiplications of which no linear combination is a zero multi- 
plication. A very simple discussion shows that 1 + A = 2p^ , 1 + k ^ p^ , 
and that if fi is pure, l + hS2p,l+k^2p-l. We see that if A: > 
there is at least one complex multiplication. 

We recall again that every Riemann matrix is isomorphic to one of the 
type 

wi, 0, •••, 
0, W2, •••, 



(I) 



0, 



where the (co)'s are pure Riemann matrices not isomorphic to each other or 
else are of the type 

CO, 0, •••, 

0, CO, •• 



(II) 







0, 



CO 



where co is pure. Of course we assume that two submatrices coj, coj, which 
enter into the type (I) are not composed with isomorphic pure matrices co in 
case they are impure. 

By considerations such as the above, Scorza has shown that if two Riemann 
matrices possess a simultaneous form, they possess isomorphic submatrices, 
these conditions being moreover necessary. The matrices co, in (I) do not 
possess therefore any simultaneous forms and if hi, hi are their invariants we 
have for 12, if of type (I), 

while for a matrix of type (II), with n terms in the main diagonal. 



l-{-h = v?{l + h'), l + k = 



n{n — 1) 



il + h')+n{l+k'), 



where h' , k' are the invariants of co . Hence, to find h, k , or p , itis sufficient 
to reduce fi to the type (I) and to find the invariants h, k of certain pure 
matrices. 

By considering the representative spaces, we see at once that: 

(a) Every Riemann projectivity operates separately on the submatrices 
coj. This is an immediate consequence of the fact that the reduction to the 
type (I) is unique (Scorza). 

(b) The characteristic polynomial F {a) corresponding to a Riemann pro- 
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jectivity is a product fi,fi, • • • ,fn, where /» is the characteristic polynomial 
of the projectivity corresponding to Wj . 

79. Let i? be a Riemann projectivity of Q, . Its various powers, 5" = 1 , 
B , ■ ■ ■ , B'" , ■ ■ • are also such projectivities. The degree of an equation 
f{B) = 0, (/a polynomial with integral coefficients) satisfied by these powers 
has a minimum q, and there exists a unique equation of this degree satisfied 
by B — it is the minimum equation of Frobenius.* 

The integer q will be called the degree of B . 

The equations F (a) = 0, /(a) = 0, have the same roots, hence if 
/ ( ) = , B is singular, and conversely. When the roots of / ( a ) = are 
all simple, B is said to be a general projectivity. In the contrary case, it is 
said to be special. A projectivity is general or special according as the space 
of minimum dimension containing its stationary points is or is not of dimen- 
sionality 2^3 — 1 . We shall see below that if B is special is impure. For 
the present, let us show that if B is general, non-singular, with irreducible 
minimum equation, its degree q divides 1 + A . For, first, there exists a matrix 
C such that C~^ 5C is a matrix with terms on one side of the principal diagonal 
all equal to zero, those of the diagonal itself being the roots of F {a) each 
taken with its multiplicity. From this it follows readily that the roots of 
the characteristic equation of\p(B) ( i^ a polynomial with rational coefficients) 
are the numbers xp (ai) , where a, is any root of F (a) . Hence in the first 
place, if \p is of degree < q, xp (B) is not singular. 

Let now ^ be a projectivity independent of the powers of B . I say that 
the projectivities 1 , B ,B , • • • , B''~^ , A, AB , • ■ ■ , AB'^"^ , are all independent. 
For otherwise there would have to be a relation <I){B) + A-xp (B) = 0, 
where cf) , \p are of degree q — 1 at most. It is easy to see that since xp {B) 9^ , 
there exists a projectivity x ( ^ ) = 1L o-sB'' , such that xp (B)- "^ as B^ = m, 
where m is a non-zero integer. Indeed the computation of the coefficients a, 
is formally the same as that which presents itself when given an algebraic 
number a such that i/- (a) 5^ 0, it is proposed to put 1/ (1/' (a) ) in the form 
{1/m)^ a^of , a problem which is easily solved. We would have then 
finally mA = (f>{B) , contrary to our assumption as to ^ . The 2q distinct 
projectivities B^ , AB' are therefore effectively independent. 

Let now A' be a projectivity independent of the preceding. One may 

show in a similar manner that the projectivities B' , AB' , A' B" {s = , 1 , 

■ ■ ■ , q — 1 ) are independent, etc. Continuing thus there will come a time 

* The term is due to Rosati, who in a note of the Torino Atti of May, 1916, investi- 
gated this equation more particularly from the point of view of its relations with correspond- 
ences on algebraic curves. There is also a recent note by Scorza bearing on the same subject 
in the Rendiconti dei Lincei of October, 1917. — (Added in 1922:^The results of 
this note have since been extensively exposed by Scorza in the Palermo Rendiconti, 
vol. 45 (1921), pp. 1-204. Not a few contacts with this part of our work are of course to be 
expected) . 
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when we will have exhausted all the independent projectivities. As those 
obtained will have been grouped in sets oi q, 1 + A is divisible by g . In 
particular, we observe that ii 1 + h > q, then certainly 1 + h^ 2q. 

80. We have said that if B is special, fl is impure. This point is easy to 
prove. Let indeed ^ ( a ) = be the equation of which the roots of F (a) 
are simple roots. ^ ( a ) is of degree < q , hence <f){B) is a non-zero pro- 
jectivity with multipliers all zero and therefore Q , which possesses a singular 
projectivity, is necessarily impure. Similarly, if F {a) = Fi{a)-F2{a) , 
where Fi , F^ are irreducible and prime to each other, Q is impure. For Fi{B) 
is a Riemann projectivity of which some multipliers but not all are zero, 
hence it is a singular projectivity not identically zero, and fi is impure. 

We thus see that the characteristic equations of pure matrices are all of 
type [/(«)]*■ = , where / is irreducible of degree q = 2p/r , and f{B) = 
is the minimum equation of £ , so that its degree is also q . 

It is interesting to notice that the impure matrices reducible to the type 
(II) of No. 78 possess at least one general projectivity. For if t<i , 1/2 , • • • , Up 
are the variables corresponding to this matrix itself, its Abelian variety 
possesses the cyclic birational transformation of order n 

u'i = Up,+i {p = np'; Up^i = Up). 

The corresponding Riemann projectivity is cyclic, hence general. 

Thus, amongst the matrices which possess a general projectivity are found 
those of type (II), whether pure or impure. 

81. Let then 5 be a general Riemann projectivity with a characteristic 
equation [fia)]" = , of degree q = 2p/r with / irreducible. By making a 
change of variables, equations (1), (2) can be put in the form 

(3) % = ay t<y; 

2), 

(4) ay 0)ia = S ^M^ wy^ 

0' = 1,2, ••■,p; M = 1,2, •••,2p). 

Let 71 be an arbitrary linear cycle of Vp , tji the corresponding period of My . 
The equations (3), (4) show that m ai , T21 02 , • • • , Tpi Up form a system of 
simultaneous periods oi ui, U2, • • ■ , Up, the corresponding cycle 72 being 
independent of 71 . Similarly the quantities m al~^ , • • • > ^pi o^"^ form 
a system of simultaneous periods belonging to a linear cycle 7i of Vp and 
since / ( a ) is irreducible, the cycles 71 , 72 , • • • , 7« are independent. If 
r > 1 there will be a cycle 75+1 independent of the preceding with a period 
Ty2 for My . We shall have similarly cycles 75+1 , • • • , 729 , the period of Uj 
relatively to jq+i being Ty2 af''^ . I say that between these 2q cycles, there 
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exists no homology. For otherwise there would have to be a relation 

Tfl _ mo + mi ccj + • • • + mg_i aj~^ 



Tji m'o + m'l aj + ■ ■ ■ + m',_i a'j ^ 

where the (m)'s and (??i')'s are integers. From this would follow a relation 
with integral coefficients, 

iiTji = Tji (ij-o + ni aj + ■ ■ ■ + ?ig_i ay^ ) , 

and therefore a homology between the cycles 71 , 72 , • • • , jq+i , which is in 
contradiction to the assumption as to the independence of 7g+i from the q 
other cycles. This reasoning can be continued and we shall obtain finally 
2p independent cycles to which will correspond a period matrix 12' isomorphic 
to J2, 

Q' = II Tji , Tji aj , Tji a], • • ■ , Tji ay^ , Tji , tji aj , ■ ■ ■ , Tjr ay^ \\ 

(j = 1,2, ■■■,v), 
composed with the two arrays* 

T = lkj«.|| ; ||1, ay, • • • , ay~MI 

(m = 1,2, •■•, r; i = 1,2, •••,p). 

82. The projectivity B being still general, assume now that F (a) =[/(«)]''• 
Fiia) , where / ( a ) is irreducible, of degree q , and prime to Fi{a) . Of the 
multipliers, |rg , say ai,a2, ■ ■ ■ ,ai^rq, are roots of/ ( a ) . Moreover, according 
to a remark made above, if (7 ( ct ) is an arbitrary polynomial with rational 
coefficients, there exists a complex multiplication which may be represented 
by g{T), with multipliers g{aj) (j = 1, 2, • • • , p) • There will then be 
rational numbers h^^ such that 

p 
(j{oij)wj^ = '^K^ Wjv 

""' (i = 1,2, •••,p; M = l,2, •••,2p), 

and the rank of the determinant | h^^ \ will be twice the number of expressions 
giaj) that are not zero. Let us take in particular g{a) =[/(«)]''. We 
shall have 

Z) byf, COj^ = 

(m = 1,2, ••■,2p; j = 1,2, ■■■,irq). 

Hence ui, U2, • • • , Uirq form a system of reducible integrals of the variety Vp 
belonging to Q and T operates separately upon them. From this, we conclude 
that 12 is isomorphic to a matrix 

fli 

^2 



* For r = 1, p arbitrary, this reduction has already been indicated by Scorza in his Pa- 
lermo Rendiconti paper of 1916, p. 24. For »■ = p = 2 it has been repeatedly used 
by Bagnera and de Franchis. 
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where fii is of genus ^rq and T operates separately upon it in correspondence 
with the characteristic equation [/(a) ]'' = 0, and upon Q2 with the equation 
Fi{a) = . i2i is therefore isomorphic to a matrix of type (II). By reason- 
ing on O2 as we have on Q and continuing, we obtain finally the following 
result : Let f ( a ) = [/i(a)]''' ■ ■ •[fnia)Y" be the decomposition of F (tx) 
into irreducible factors prime to each other. is isomorphic to a matrix, 



a, 0, 
0, Q2, 








where fly (which is of type (II)) is transformed separately by T with the 
characteristic equation [fj ( a )]''"= . 0; can be put in the form indicated in 
No. 81. 

Let hj , kj , pj , be the invariants of fly . We have then at once (Scorza) 
the relations 

P = X) Pj + X ^y* > 

where \jk is the simultaneous index of fly and fl^ . The last equation just 
written has already been obtained at the end of Part I. 

It follows from our whole discussion that the determination of the invariants 
of any Riemann matrix is reducible to the following two problems: (a) To de- 
termine the invariants of a matrix such as fly, that is possessing a general 
Riemann projectivity with characteristic equation of type [f {a)Y = (/ ir- 
reducible). (&) To determine the simultaneous index of two such matrices. 

Let us observe that if fl is of type (II), with T not operating separately 
upon the (w)'s, and more especially if fl is pure, then ?i = 1 , and -F(a) is 
the exact power of an irreducible polynomial, whose degree q is what we have 
called the degree of T . As closely related to all this we recall the two notes 
of Rosati and Scorza already referred to. 

We recall again that if the simultaneous index of two matrices fl and fl' 
is not zero, they are isomorphic to two matrices, (Scorza) 



fll, 







^1, 





0, 


fl^ 


J 


1 0, 


fl; 



The problem which we propose to attack is the determination of li and h for 
a wide range of matrices with general projectivities, with special emphasis on 
pure matrices. Before we enter upon this task we shall add a last remark 
concerning the characteristic equation. 
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83. According to Frobenius* if f is a principal transformation, that is, a 
transformation which maintains identically invariant a principal form of 0, 
the multipliers have all the same absolute value, say /3. Assume that Q is 
pure, which requires that F {a) = [f(a)y, where/ is irreducible and of de- 
gree q = 2p/r. We shall have P'''' =|6^^|. Moreover /3« is a rational 
number, hence the determinant \b^i^\ in this case is the exact power of a 
rational number. A real multiplier will then be equal to ± /S . If g is odd 
the multiplication T' will possess a rational number for root of its characteristic 
equation. As the characteristic polynomial of 2"' must still be the exact 
power of an irreducible polynomial, T'' will necessarily be an ordinary multi- 
plication and Oj = fi'' = m, where m is a rational number. Hence, finally, 
f{a) = a" — m. Thus the characteristic equation of a principal trans- 
formation of odd degree of a pure matrix is of the form (cc^ — mY — 0, (ma 
rational number). 

84. Permutable Projectivities. According to Scorza, the transformation of 

coordinates 

p p 

Xs = 2^ iOjs Xj + 2_j "(Sjs Xp+j 

reduces the equations of the projectivity B of »S'2j,_i to the form 

p i> _ 

<^X'j = 22 ^hj Xh ; <^Xp+j — Zj^fij Xp+h ( j = 1 ; 2 , • • • , p ) , 

li = l 71=1 

and since this transformation of coordinates is independent of the projectivity 
considered, it follows readily that if two projectivities are permutable, the 
same holds for the corresponding complex multiplications and conversely. 

Let now Bi, B^, • • • , Bs he permutable projectivities. The corresponding 
multiplications will also be permutable and the projectivities permutable 
with the (fi)'s will be of type 4>{Bi, Bi, • ■ ■ , Bs) , where ^ is a polynomial 
with rational coefficients, of degree qt — 1 at most in -B» (gj is the degree of 
Bi). The system of projectivities <^(jBi,2?2, • • ■ , Bs) is in every way 
analagous to the system of numbers of an algebraic domain. In particular, 
there exists a projectivity Bo, of degree q, such that any other is a linear 
combination of its powers. 

Among the projectivities of the set, those with integer terms play the same 
part as its integers for an algebraic domain. Like these integers, they satisfy 
an equation whose first coefficient is unity, as follows from the fact that the 
roots of the minimum equation are also roots of the equation F (a) =0 which 
is of this nature. These roots are therefore algebraic integers and their 
symmetric functions are ordinary integers. The projectivities here con- 
sidered possess therefore a minimum base with q terms Bi, B^, ■ • • , Bq. 

*Journal fur die reine und angewandte Mathematik, vol. 95 
(1883), pp. 264-297. 
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A complex multiplication permiitable with any other has necessarily all 
multipliers equal, their common value being an imaginary quadratic number a. . 
Replacing if necessary i2 by a suitably chosen isomorphic matrix, we may 
assume that <x = i-^d {d a positive integer). The array t can then be reduced 
to one with p rows and columns 



1, 0, 
0, 1, 



and 12 is a matrix with p elliptic integrals, of the type called by Scorza "with 
maximum indices," for which 1 + h = 2 {1 + k) = 2p^ . 

In general assume that for some general projectivity F (a) =[f{a)Y 
(/ irreducible and of degree q ) , and that among the quantities ai, ao, • ■ ■ , ap, 
,are found ^q roots each taken r times, which requires that all roots of / ( a ) 
be imaginary. The array t is then of the form 



Tl 

where n is a square array of the same type as above with r rows and columns, 
and fl is impure of type (II) composed r times with the matrix 



1 1 , ay , • • • , a}' 



(i = l,2, 



k). 



§ 2. Complex multiplication with irreducible characteristic equation. 

85. As before, let F (a) =0 be the characteristic equation. AYe shall 
assume the roots ai , a^, • • • , aip arranged in such order that cij = Up+j 
ij < P) > ^rid we propose to investigate the matrix 

=||l,a,-, •••,af-i|| (i = l,2, ■■■,p). 

In order that it be a Riemann matrix there must exist an alternate Riemann 
form 



(5) 

This requires that 

(6) 



2p 

w = l 



£ c,, ( <-! a",-^ - a"-^ ar' ) = (j , fe = 1 , 2 , 



■,P), 



H,v=l 
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and that the Hermitian form 

(7) S ^jk Xj Xk) Ajk = - 7". S c^A aj"^ a^;i - ^F^ <+* ) - 
i,*=l '±liJ.,v=i 

be definite positive. 

Let G be the group oi F {a) = . The equation (6) will be verified when 
we replace the pair ( aj , ak) hy any pair of roots which may be derived from 
the pairs taken out of the set ai , a!2 , ■ • ■ , ap by the substitutions of G . On 
the other hand, in order that (7) be definite, it is necessary that none of the 
(AiiYs be zero. Hence, as a necessary condition among the pairs of roots 
derived from those with indices both ^ p must not figure a pair of conjugate 
roots. 

I say that this last condition is sufficient to insure that 12 be a Riemann 
matrix. For let (aj^, ak^) , • • • , ( ay^ , ak, ) be the s pairs derived from those 
of indices ^ p ,( a^; , a*; ),•••, ( ajl , a,( ) , ( ai , ap+i ) , • • • , {ap, a^p) , the 
p + t pairs remaining with s -\- p + t = p {2p — 1). Finally consider the 
equations in the unknowns c^„: 

(8) Ec,,(a;„-^aC' - «r '<"')= {n = 1, 2, ■ ■ ■ , s) , 

M. 1'=] 
2p 

(9) Zv(«ir'«^;' ~ "i"'«^r') = *' (» = i,2, •••,0, 

(10) - p E c,, ( af-' «;,;] - «r' <+i ) = e; (i = i , 2 , • • • , p ) . 

The determinant of the coefficients is up to the sign 

(jf,fe, m', " = 1, 2, •••,2p; i F^fc, M 5^ O, 

or the determinant formed with the minors of order two of the determinant 
of Vandermonde oi ai, a^, • • • , a^p , hence equal to a power of that determinant 
and therefore different from zero. It follows that there will be a unique solu- 
tion for the (c)'s. Whether these coefficients are rational or not, we can 
consider the corresponding Hermitian form (7). It will be definite positive 
if the p roots of the equation in /3 , 

\Ajk - €jfc i3| = (en = 1; (jk = 0,j 7^ fc) 

are all positive. But when the (c^)'s are all zero, these p roots are equal to 
the (e)'s, since (7) becomes then 

p 

2—1 ^i ^} ^J • 
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Hence when we take the {d)'s sufficiently small in absolute value and the 
(e)'s positive, the roots in question will all be positive and the Hermitian 
form will be definite positive. 

Let us consider, as we have already had occasion to do, the (c)'s as homo- 
geneous point coordinates in an iS'p(2p-i)-i. The point whose coordinates 
satisfy the s equations (8) is contained in a rational Sp(2p-i)-s-i, by which 
we mean that the space contains p{22) — 1 ) — s independent points with 
rational coordinates. "We can see this at once by observing that equations 
(8) are simply permuted among themselves by the substitutions of G and 
therefore have as many independent solutions in rational numbers as they 
have independent solutions in general. Their independence results from the 
fact that the array of the coefficients is composed of s rows taken from a 
non-zero determinant. 

In the iSp(2},_i)_s-i in question there will then be a rational point differing 
as little as we please from any given point and in particular from the point 
whose coordinates satisfy the equations (8), (9), (10), where the id)'s are 
sufficiently small and. the (e)'s positive. In these conditions ^ c^,^ .t^, y^ will 
be a principal form of fl , which proves our proposition. 

Thus, given an irreducible equation of degree 2p ivith roots all imaginary, in 
order that there correspond to it a Riemann matrix 12 , it is necessary and sufficient 
that its group does not permute any pair of roots taken from a set of p roots among 
lohich none are conjugate to each other, with a pair of conjugate roots. 

When exists, 1 + ^ is obviously equal to the number of independent 
solutions of the equations (8), that is 1 + k = p {2p — I) — s = p + t . 

86. To determine h, we must find the number of independent rational 
solutions possessed by the equations in the unknowns c^^, 

£ c^. <"' ar^ = (i, fc = 1 , 2, • • • , p). 

This equation must be satisfied when ay, ak are permuted and also when 
they are replaced by any one of the pairs of roots ( ay„ , ak„ ) , ( a*,. , «;„ ) 
{n = 1, 2, ■ ■ ■ , s) ; {aj, aj) {j = 1, 2, ■ ■ ■ , 2p) ; whence the equations 

£ c,, <-! al-^ = , E c^,a5t-i <-i = 

{n = 1,2, ■••, s), 

£ C^,<+''-2 = 0, (i = l,2, ■••,2p). 

The array of the coefficients is composed ol 2 {p -{- s) rows of the determinant 

|<-^arM (m, '',i,fc = 1,2, •••,2p), 
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which is not zero. The above equations are therefore independent and as 
they are merely permuted by the substitutions of G , they will possess as many 
independent rational solutions as independent solutions in general. Hence, 
finally 1 + h = Ap^ - 2p - 2s = 2 {1 + k) . Thus the invariants of 
satisfy the relations 1 + h = 2{1 +k) = 2p{2p - 1) - 2s = 2{p + t) . 

87. The preceding result gives rise to some interesting observations. 
For we have seen that when a matrix is pure, 1 + h = 2p . Hence, in order 
that be pure, it is necessary that s ^ p {2p — 1) — p . On the other 
hand, the p pairs of roots (ay, ap+y) are not among the pairs (ay,,, ak^) 
{n = 1, 2, • ■ • , s) . Hence in order that Q be pure, it is necessary that 
s = p {2p — 1) — p , which requires that the only pairs that may not he derived 
from those of indices ^ p by the substitutions of G, are the pairs of conjugate 
roots. 

Let 31 = mi ai + m2 a2 + • • • + m^p 0.%^ be a Galois function of i^ ( a ) = , 
the (m)'s being arbitrary integers, and consider the Galois resolvent 
(^ (z) = of which 2i is a root. The (a)'s are rational functions of z\ with 
real coefficients. Hence 21 is not real, as can also be seen directly. Replacing 
Z\ by zi in these rational functions, we obtain a substitution S, of order two 
of G , which has the property of permuting any two conjugate roots. More- 
over, if another substitution S' had the same property, we would have SS' = 1 , 
hence 8' = S~^ = S and therefore S is unique. 

Let us now return to Q . In order that it be a Riemann matrix and pure, 
it is necessary and sufficient: (a) That S be permutable with all the substitu- 
tions of G . (6) That among the corresponding roots, ai , a^, • • • , ap, none 
be conjugate, and moreover that from the pairs ( ay , aj; ) it be possible to de- 
rive all the pairs of non-conjugate roots by the substitutions of G . To begin 
with, the second condition is obviously necessary. Let us show that so is the 
first. For G must not permute the pairs of conjugate roots with pairs of roots 
that are not conjugate. Hence, if T is an arbitrary substitution of G and if 
Taj = Uk we must have TSa, = Saic , whence S~^ TS = T , and T is effectively 
permutable with S . 

Let us show that our two conditions are also sufficient. For, if Ta, = a^ , 
we shall also have Taj = TSaj = S Taj = Sa^ = a* , and the pair ( ay , ay ) 
is permuted with ( aj; , a^ ) ; hence the pairs of conjugate roots are not permuted 
with any others by the substitutions of the group. The second condition 
insures then that t = 0, the pairs (ay, ay) being all alone excluded. The 
equations for the coefficients of an alternate Riemann form are here 

{j,k = 1,2, ■■■,2p; j ^p+k). 
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The quantities 

will not all be zero, for otherwise the (c)'s would also be zero. But if one of 
the quantities Ajj is zero, all the others will also be zero for they are transitively 
permuted by the substitutions of G. Hence none of them is zero and the 
Hermitian form corresponding to the arbitrary Riemann form considered 
becomes here Z);=, Ajj Xj Xj , and is always of genus p. Hence finally every 
Riemann form of is of genus p and this matrix is actually pure. This com- 
pletes the proof. 
Observe that the invariants of the pure matrix will be given by 

1 + A = 2(l + /0 = 2p, 

h having the maximum value which it may have for such a matrix. 

88. A particularly interesting case is that where p is prime. Then Q, which 
is of type (II), is certainly pure, whence the following result: Let F(a) = 
be an irreducible equation of degree 2p{p prime), with roots all imaginary. 
Either the group of the equation permutes only among themselves the pairs 
of conjugate roots, or else in every set of p roots there are at least two which 
are permutable with a pair of conjugate roots. 

89. Let us endeavor to characterize F (a) when its group is permutable 
with S* or, which is the same, when there is a corresponding pure matrix . 
The group G merely permutes the equations in the unknowns d , 

aj = do + diaj+ •■■ + rfap-i a?*^^ (j = 1, 2, • • • , 2p), 

and hence these equations possess a rational solution which besides is unique. 
This means that aj = Q( aj ) , where Q is a polynomial with rational coeffi- 
cients independent of j. Thus every root can be expressed as a rational 
function, the same for all of them, of its conjugate. Conversely ii aj = Q(aj) , 
whatever j , S and G are permutable. For denoting still by zi the Galois 
function, we shall have first 

aj = Rj{zi), ocj = Q[Rj{zi)]. 

We may then obtain every substitution of G by replacing zi by a suitably 
chosen root Z2 of the Galois equation. If Taj = Uk, we shall have 

a, = Taj = Rj(z2), T^j = QiRjiz^)] = Q(a,) = a^, 

that is, TSaj = STaj , or TS = ST . 

*From this property follows already that the solution of the characteristic equation is 
reducible to that of an equation of degree p followed by a quadratic, but this result is in- 
sufficient for some applications which we have in view. 
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Thus, in order that S and G be permutable, it is necessary and sufficient 
that Avhatever j , oij = Q{aj) , where Q is a polynomial with rational coeffi- 
cients independent of j . 

But we can go still further. Indeed, the p points of an Sip^i whose non- 
homogeneous point coordinates are aj + aj , a] + a] , • • • , a^/~^ + O;""^ 
are certainly distinct, for if two of them had their first two coordinates equal, 
F (a) would have a double root. Given arbitrary integers d\, di, • • • , rfojj-i) 
the distances from these points to the corresponding hyperplane 

di xi + diXi + ■ ■ ■ + di-p-i .T2j,-i = 

are therefore all different. Whence the following conclusion: If we set 

a'j = diaj -\- d^a) -\- • • • + rf2p-i oT}^^ , 

the quantities a'j + 'a'j are all distinct. In other words 12 possesses a Riemann 
projectivity with irreducible characteristic equation and such that if its 
multipliers are still denoted by ai, a2, • • • , a^, the p sums 2fy = aj + «_,- are 
all distinct. If we adjoin f y to the domain of rationality, the pair of conju- 
gate roots aj , aj is determined in one and only one way, and their product 
aj aj is therefore a rational function of fy . On the other hand the ( f )'s are 
transitively permuted by the substitutions of G , hence they satisfy an irre- 
ducible equation '/' (f ) = of degree p , and the characteristic equation is of 
the form 

II(a2_2f,a + i?(r,)) =0, 

where R \s & polynomial of degree p — 1 with rational coefficients and such 
that rl <-R(ry) (i = 1 ) 2, • • • , p) . Of course these conditions are not 
sufficient to make certain that is pure. For example, take the case p = 2 . 
The characteristic equation is of the form 

(a^ - 2fi a + mfi + n) {a^ - 2^ a + mU + n) = Q , 

where m , n are rational and f i , ^2 are the two roots of an equation 

af^ + &r + c = 

with coefficients a, b, c, integers and a > 0. We must have fj < m^j + 7i 
( j = 1 , 2 ) , which is equivalent to the inequalities 

a{an -^ c)"^ — h{an + c) {am + h) + c(am + by > 0, 

{am + b) {2na^ — mab + 2ac — b^) > 0. 

Moreover, in order that ft be pure, it is necessary that the pairs of conjugate 
roots be transitively permuted. This requires that ai a^ -\- ai ai, be irrational, 
a condition which is besides sufficient. A very simple calculation shows that 
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this is equivalent to requiring that 

a[a{an + cy — b{an + c) {an + b) + c{an + by] 

be not the square of a rational number. 

When these conditions are satisfied, the matrix 



1 , ai , dl, al 



is a Riemann matrix and pure. 

It is scarcely possible to go further when the equation F (a) — is arbitrary 
and so we shall pass on to the investigation of the particularly important 
case where it is Abelian, when the preceding results may be completed and 
much increased in precision. 

[To he continued) 



